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ABSTRACT. This paper develops numerical methods for optimal control
of mechanical systems in the Lagrangian setting. It extends the theory
of discrete mechanics to enable the solutions of optimal control prob-
lems through the discretization of variational principles. The key point
is to solve the optimal control problem as a variational integrator of a
specially constructed higher-dimensional system. The developed frame-
work applies to systems on tangent bundles, Lie groups, underactuated
and nonholonomic systems with symmetries, and can approximate ei-
ther smooth or discontinuous control inputs. The resulting methods
inherit the preservation properties of variational integrators and result
in numerically robust and easily implementable algorithms. Several the-
oretical and a practical example, the control of an underwater vehicle,
will illustrate the application of the proposed approach.

1. INTRODUCTION

The goal of this paper is to develop, from a geometric point of view, nu-
merical methods for optimal control of Lagrangian mechanical systems. Our
approach employs the theory of discrete mechanics and variational integra-
tors [32] to derive both an integrator for the dynamics and an optimal control
algorithm in a unified manner. This is accomplished through the discretiza-
tion of the Lagrange-d’Alembert variational principle on manifolds. An in-
tegrator for the mechanics is derived using a standard Lagrangian function
and virtual work done by control forces, while control optimality conditions
are derived using a special Lagrangian defined on a higher-dimensional space
which encodes the dynamics and a desired cost function. The resulting inte-
gration and optimization schemes are symplectic and respect the state space
structure and momentum evolution. These qualities are associated with fa-
vorable numerical properties which motivate the development of practical
algorithms that can be applied to robotic or aerospace vehicles.

The proposed framework is general and applies to unconstrained sys-
tems, as well systems with symmetries, underactuation, and nonholonomic
constraints. In particular, our construction is appropriate for controlled
Lagrangian systems that evolve on a general tangent bundle T'Q) with as-
sociated discrete state space Q) x @), where @) is a differentiable manifold
([32, B34]). In addition we focus on systems evolving on a Lie group G
([3L 5, 18, 21]) and also consider the underactuated case [18] applicable for
rigid body systems. Finally, the theory extends to the more general principle
bundle setting with discrete analog @ x Q x G (or more generally (Q X Q)/G)
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assuming that the action of a Lie group G of symmetry leaves the control
system invariant ([8, 10, [19]).

The main idea is the following: we take an approximation of the Lagrange-
d’Alembert principle for forced Lagrangian systems, which models control
inputs and external forces such as gravity or drag. The formulation permits
piecewise continuous control forces that can be encountered in practical ap-
plications. We observe that the discrete equations of motion for this type of
systems are interpreted as the discrete Euler-Lagrange equations of a new
Lagrangian defined in an augmented discrete phase space. Next, we apply
discrete variational calculus techniques to derive the discrete optimality con-
ditions. After this, we recover two sequences of discrete controls modeling
a piecewise control trajectory.

Additionally, we show how to derive the equations for various reduced
systems. We specifically develop numerical methods for systems on Lie
groups that lead to practical algorithm implementation. One such example
system—an underactuated underwater vehicle—is used to illustrate the devel-
oped methodology. The resulting algorithm is simple to implement and has
the ability to quickly converge to a solution which is close to the optimal
solution and to the true system dynamics. We also extend our techniques to
more general reduced systems like optimal control problems in trivial prin-
cipal bundles and we show how to introduce nonholonomic constraints in
our framework.

The contributions of this work are several. First, it formulates and de-
rives numerical methods for dynamics integration and optimal control of
mechanical systems in a unified discrete variational setting. Performing the
optimization (via trajectory variations) in an enlarged phase space then nat-
urally enables the treatment of general systems on either vector spaces or
principle bundles with Lie group symmetries and subject to underactua-
tion, nonholonomic constraints, and discontinuous control inputs. Second,
the paper details a nonlinear root-finding algorithm for the optimal control
problem between two given initial and final states that is surprisingly easy to
construct since it is implemented similarly to an integrator with the addition
of a boundary reconstruction condition. Finally, the geometric preservation
properties of the optimal control solutions such as symplectic-momentum
preservation in the standard case or Poisson bracket and momentum preser-
vation for reduced systems are automatically guaranteed using the results
in [32] 24].

The developed optimization methods inherit the backward-error analysis
properties of standard variational integrators. Yet, while backward error
analysis explains the long-time properties of standard integrators its signifi-
cance in the context of optimal control problems with finite horizon and fixed
final boundary state requires further study. In addition, while symplecticity
is linked to favorable behavior in dynamics time-stepping, the symplecticity
of the higher-dimensional optimal control system is likely to have further
implications that remain to be studied. Finally, as with any other local op-
timization method for nonlinear systems, the proposed approach does not
have global convergence guarantees.
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The paper is organized as follows. §2| introduces variational integrators.
formulates optimal control problems for Lagrangian systems defined on
tangent bundles, in the continuous and discrete setting, and for both fully
and underactuated systems. A simple control problem for a mechanical La-
grangian on R™ illustrates these developments. In §4] discrete mechanics on
Lie groups is introduced. Specifically, discrete Euler-Poincaré equations and
their Hamiltonian version, the discrete Lie-Poisson equations, are obtained.
Sections §5| and §6| develop the discretization procedure and the numerical
aspects of the proposed approach. The developed algorithm is illustrated
with an application to an unmanned underwater vehicle evolving on SFE(3).
Finally, §7]deals with reduced systems on a trivial principal bundle and with
nonholonomic mechanics.

2. DISCRETE MECHANICS AND VARIATIONAL INTEGRATORS

Let () be a n-dimensional differentiable manifold with local coordinates
(¢'), 1 <i < n. Denote by TQ its tangent bundle with induced coordi-
nates (¢, ¢"). Given a Lagrangian function L: TQ — R the Euler-Lagrange

equatlons are

d (0L oL

— == ]—-—=—=0, 1<:i:<n. 1
dt(ae) og ~ O L=isn @

These equations are a system of implicit second order differential equations.
In the sequel, we will assume that the Lagrangian is regular, that is, the

matrix (&?ZQTL(ZJ) is non-singular. It is well known that the origin of these

equations is variational (see [I}, B1]).

Variational integrators retain this variational character and also some of
the key geometric properties of the continuous system, such as symplecticity
and momentum conservation (see [I1] and references therein).

In the following we will summarize the main features of this type of nu-
merical integrators [32]. A discrete Lagrangian isamap Ly: QxQ — R,
which may be considered as an approximation of the integral action deﬁned
by a continuous Lagrangian L: TQ — R: Lg(qo,q1) fo (t)) dt
where ¢(t) is a solution of the Euler-Lagrange equations for L, where q(0) =
qo and ¢q(h) = ¢1 and h > 0 is enough small.

Remark 2.1. The Cartesian product @) x @ is equipped with an interesting
differential structure, termed Lie groupoid, which allows the extension of
variational calculus to various settings (see [24] for more details).

Define the action sum S;: QVt! — R, corresponding to the Lagrangian
Ly by S; = Zgzl Lg(qx—1,qx), where ¢ € @ for 0 < k < N, and N is the
number of steps. The discrete variational principle states that the solutions
of the discrete system determined by Lz must extremize the action sum
given fixed endpoints gy and gn. By extremizing S, over g, 1 < k < N —1,
we obtain the system of difference equations

D1La(qk; qr+1) + DoLa(qe—1,qx) = 0, (2)

or, in coordinates,
0Ly
a 4

0Ly
= (@ eg1) + i (qr—1,qr) =0,
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where 1 <i<n, 1 <k < N —1 and z,y denote the n-first and n-second
variables of the function L respectively.

These equations are usually called the discrete Euler—Lagrange equa-
tions. Under some regularity hypotheses (the matrix (D12L4(qk, gr+1)) is
regular), it is possible to define a (local) discrete flow Ypr,,: @ xQ — Q X Q,
by Yr,(qk—1,a%) = (@ @k1) from (2). Define the discrete Legendre trans-
formations associated to Ly as

F Li:QxQ — T'Q

(QO7Q1) = (QCU _DlLd(q07Q1))7
FrLg;: QxQ — T*Q

(90,q1) +— (q1,D2La(qo0,q1)) ,

and the discrete Poincaré-Cartan 2-form wy = (F*Lg)*wg = (F~Lg)*wg,
where w is the canonical symplectic form on T*(). The discrete algorithm
determined by Y, preserves the symplectic form wy, i.e., Tj‘:dwd = wy.
Moreover, if the discrete Lagrangian is invariant under the diagonal action
of a Lie group G, then the discrete momentum map J;: Q X Q@ — g* defined
by
(Ja(aqr @r+1),€) = (D2La(qr, k1), §Q (qr+1))

is preserved by the discrete flow. Therefore, these integrators are symplectic-
momentum preserving. Here, {n denotes the fundamental vector field de-
termined by & € g, where g is the Lie algebra of G. (See [32] for more
details.)

3. DISCRETE OPTIMAL CONTROL ON TANGENT BUNDLES

Consider a mechanical system which configuration space is an n-dimensional
differentiable manifold @) and which dynamics is determined by a Lagrangian
L :TQ — R. The control forces are modeled as a mapping f : TQ x U —
T*Q, where f(vq,u) € 1,0, vy € T,Q and u € U, being U the control
space. Observe that this last definition also covers configuration and veloc-
ity dependent forces such as dissipation or friction (see [34]). For greater
generality we consider control variables that are only piecewise continuous
to account for impulsive controls.

The motion of the mechanical system is described by applying the princi-
ple of Lagrange -D’Alembert, which requires that the solutions ¢(t) € @
must satisfy

T T
5/ L(Q(t),d(t))dtJr/ fa(t),4(t), u(t)) 5q(t) dt = 0, (3)
0 0

where (g, ¢) are the local coordinates of T'Q) and where we consider arbitrary
variations dq € Ty )@ with d¢(0) = 0 and 6¢(T") = 0 (since we are prescribing
fixed initial and final conditions (¢(0),¢(0)) and (¢(7"),4(T))).

Given that we are considering an optimal control problem, the forces f
must be chosen, if they exist, as the ones that extremize the cost func-
tional:

T
/0 Cla(t). d(t), u(t)) dt, (4)
where C': TQ x U — R.
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The optimal equations of motion can now be derived using Pontryagin
maximum principle. Generally, it is not possible to explicitly integrate these
equations and, consequently, it is necessary to apply a numerical method.
In this work, using discrete variational techniques, we will first discretize
the Lagrange-d’Alembert principle and then the cost functional. We obtain
a numerical method that preserves some geometric features of the original
continuous system as we will see in the sequel.

To discretize this problem we replace the tangent space T'Q) by the Carte-
sian product @@ x @@ and the continuous curves by sequences qg, q1,...qN
(we are using N steps, with time step h fixed, in such a way ¢, = kh and
Nh = T). The discrete Lagrangian Ly : @ X @ — R is constructed as an
approximation of the action integral in a single time step (see [32]), that is

(k+1)h

Ll isr) = /k O Llatt.i) de.

We choose the following discretization for the external forces: f,;t QX QX
U — T*Q, where U C R™, m < n, such that

f];(qkaq.k-‘rhu];) € T;;Qa
f]j_(qkuqk+17u;:) € T;k+1Q'

Observe that, as mentioned above, we have introduced the discrete con-
trols as two different sequences {u;} and {uz} In the notation followed
through this paper, the time interval [kh, (k + 1)h] is referred to as the k-th
interval, while the controls immediately before and after time ;11 = (k+1)h
are denoted by u;: and u,_ ;, respectively. This choice allows us to model
piecewise continuous controls, admitting discrete jumps at every time t.
The notation is also depicted in the following figure:

n
Uy, ’
— +
Uk 42 Uk 4o
Uhot1
Uy
+
Upyr ]
~ ty
(k)—th (k+1)—th (k+2)—th

hk h(k+1) h(k+2) h(k+3)
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Moreover, we have that

Fo (@ Qi1 uy ) 0ar + i (@ Q15 w)) O =

(k+1)
~ /k Fla(t), d(t), u(t))dq(t) dt

h

where (fk_(qka qk+1, uk ) fk (qka Ai+1, Uy, )) € T* Q X Qk+1Q (See [32])
Therefore, we derive a discrete version of the Lagrange-D’Alembert
principle given in (3)):
N-1 N-1
0 Lalgrs qrer) + >, (i (@ @i wg) 0ax + f7 (@i ghrs ul) 6qrgr) =0,
k=0 k=0

for all variations {0q}r=o, N with dg; € T, Q such that dgp = dgn = 0.
From this principle is easy to derive the system of difference equations:

Do Li(qr—1,qk) + D1La(k, qr+1)

+ i (@1 s wf ) + fr (ks Gy, ug) =0, (5)
where £ = 1,...,N — 1. Equations are called the forced discrete
Euler-Lagrange equations (see [34]).

We can also approximate the cost functional in a single time step h
by
(k+1)h

Calar iy, ot ub) = /k O Clate)dte) o) dr

yielding the discrete cost functional:

N-1

Z Cd(Qk> u]?? dk+1, u;:) .
k=0

Observe that Cy: Q@ x U x Q x U — R.

3.1. Fully-actuated Systems. In this section we assume the following
condition

Definition 3.1. (Fully actuated discrete system) The discrete mechan-
ical control system is fully actuated if the mappings

f’;‘(%qkﬂ) U= T4,@, f’;‘(qk,qkﬂ)(u) = fr (ak: Gy, w),
f]j‘ U — Tq*k+1Q’ fg_l(‘]k,'lk+1)(u) = f}j(Qka%—i-l,u),

qkzqk+1

are both diffeomorphisms.
Define the momenta

pe = —DiLa(ar, qer1) — fr Qo Gry1, vy, ), (6)

prt1 = DoLa(aqw, qrs1) + i (ks qes1, ). (7)

Since both f& are diffeomorphisms we can express ui in terms of
k ak,ar+1) k

(Qks Pk Q15 Pk+1) using @ and @ Next, we define a new Lagrangian
Lg:T*Q xT*Q — R by
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La(qks Pk» Q15 Pkv1) =
= Ca(qr, (fk_‘( ))_1(_D1Ld — Dk) s Qht1 (8)
(fif ) Y (=DaoLg + pri1))-

qk9k+1

‘ (ax 7‘1k+1)

The system is fully-actuated, consequently the Lagrangian L, is well de-
fined on the entire discrete space T%Q x T*Q.

Now the discrete phase space is the Cartesian product 7*Q x T*@Q of two
copies of the cotangent bundle. The definition @, gives us a matching
of momenta (see [32]) which automatically implies

DoLa(qr—1,qr) + i1 (=1, ks ui ) = —=D1La(qr, qe+1) — fr (@ Qrs1, g, ),

k=1,...,N — 1, which are the forced discrete Euler-Lagrange equations
. In other words, the matching condition enforces that the momentum at
time k should be the same when evaluated from the lower interval [k — 1, k]
or the upper interval [k, k + 1]. Consequently, along a solution curve there
is a unique momentum at each time ¢;, which can be called py.

The discrete Euler-Lagrange equations of motion for the Lagrangian L :
TQ xT*Q) — R are

DsLa(qk—1, Pk—1, Qs Pk) + D1La(qk, Py Qi 1, PE+1) = 0, 9)
DaLa(qr—1,Pk-1, Qi) + D2La(qr, Pk @h+1,P6+1) = 0. (10)

Assuming the regularity of the matrix

Di3Lg DiaLy
DosLy DoyLyq )’

then, applying the implicit Function theorem the two discrete Legendre
transformations

F~La(ak, P> @1, Pk+1) = (@ P, —D1La, —Da2Ly)
F*La(qr, Py @1 Pk41) = (Qht1s Prs1, D3La, DaLly)

are local diffeomorphisms. In many cases, such as if () is a vector space, it
may be that both discrete Legendre transformations are global diffeomor-
phisms. In that case we say that L; is hyperregular and can define the
discrete Hamiltonian map Fy = Ft Lo (F~ L)™' : T*(T*Q) — T*(T*Q).
From the standard properties of discrete variational calculus [32], we deduce
that the discrete Hamiltonian map will preserve the canonical symplectic
form on T*(T*@) and the canonical momentum maps in the case of invari-
ance of L4 by a Lie group of symmetries (see next subsections for further
discussions).

In summary, we have obtained the discrete equations of motion for a
fully-actuated mechanical optimal control problem as the discrete Euler-
Lagrange equations for a Lagrangian defined on the product of two copies
of the cotangent bundle and derive its preservation properties.
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3.2. Example: optimal control problem for a mechanical Lagrangian
with configuration space R". Consider the case Q = R" and assume that
M is an n X n constant and symmetric matrix. The mechanical Lagrangian
L:R® — R is defined by L(z,4) = 1é"Mi — V(z), where V : R" —» R
is the potential function and x € R. The system is fully actuated and
there exist no velocity constraints. The optimal control problem is typi-
cally in terms of boundary conditions (x(0),%(0)) and (z(T),4(T)) for a
given final time 7. Note that in the continuous setting we can define the
momentum by the continuous Legendre transformation FL : TQ — T%*Q),
(¢,4) — (¢,p): p= %, i.e. p(t) = 27 (t) M. In consequence, we can define
boundary constraints also in the phase space: (2(0), p(0) = #(0)" M) and
(2(T), p(T) = &(T)T M).

We employ a trapezoidal discretization for the Lagrangian (see [11]), that
is, Lg(xp, xp11) = %L(zk, Thil"Thy 4 % L(xgsq, W) where, as above, h

h
is the fixed time step and z1,xs,...,zxN is a sequence of elements on R™.
The discrete Lagrangian then becomes
1 h
La(wr, @r41) = 55 (@41 = wx)" M (g1 — x3) — 5 Vizk) + V(aes)) -

The control forces are f (vg,Zry1,u;) € Ty, R"™ and f;(mk,xkﬂ,u;:) €

T ;kHR". For sake of clarity, we are going to fix the control forces in the

following manner fi(xk,xkﬂ,uf) = uf Using equations @ and @ it is
straightforward to obtain the associated momenta pi and pgy1, namely

1 h _
Pk = 7 (xhyr —zx)" M + 5 Vo(ze)" =y,
1 h
PE+1 = E ($k+1 - xk)T M — 5 Vw(xk_,_l)T + uZ’;

Let Cy = %Zngol [(ug )+ (uf)?] be a discrete approximation of the cost
function. Consequently, the Lagrangian over T*R"™ x T*R" is

La(Tk, Pry Tt 1, Pt1) =

1N_1 Th+1 — Tk T h T ?
= — - — M—--=V,
1 E Pk ( W ) 2V($k)

k=0

1 3= T — 2\ 7 h 2
+- Di+1 — SR ) M4+ 2 Vi(zes)' |
14 h 2

where V, represents the derivative of V' with respect to the variable z. Ap-
plying equations @ and to L4 we obtain the following equations:

T
Tkt — T _
po (B2 o, (1)

<pk - (@)T M- g Vx(xk)T) (M - % Vm(:ck)T> (12)

= (= (2 a4 L) (M- Vi) o
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where both sets of equations are defined for k = 1,..., N — 1. Note that
it is possible to remove the dependence on p; in equation . However,
we prefer to keep it in order to stress that the discrete variational Euler-
Lagrange equations @ and are defined in T*Q x T*Q (T*R™ x T*R™
in the particular case we are considering in this example).

Expressions and give 2(N — 1)n equations for the 2(N + 1)n
unknowns {xk}évzo , {pk}]kvzo. The boundary conditions

0 =2(0), po=p(0),
IN = ‘/E(T)’ PN :p(T),

contribute 4n extra equations that convert egs. and in a nonlinear
root finding problem of 2(N + 1)n and the same amount of unknowns.

3.3. Underactuated Systems. In this section, we examine the case of
underactuated systems defined as follows:

Definition 3.2. (Underactuated discrete system) A discrete mechan-
ical control system is underactuated if the mappings

fk_‘(l]kﬂkﬂ) U= 15,0, k_‘(qk,qk+1)(u) = [ Gk, @rt1, w),
f’j‘ U= T;k+1Q’ fg—'(qmqkﬁ)(u) = f}j(flkanJrl,u),

Qk7Qk+1

are both embeddings.

Under this hypothesis we deduce that M

+ _
(qr,9x+1) k ‘(Qkﬂk-s-l)

tively. Therefore, f,;t’ (an qu) are diffeomorphisms onto its image. Moreover,
dim M(Qk7qzc+1) dim M(ka‘]k-&-l) =dimU.
The set of admissible forces is restricted to the space ./\/l(

xMF C
. . A L £ admiasibl Tk qK+1) ((iqkijk+(1j)
T, Q x T, Q. As a consequence, the set of admissible momenta define

in @ and satisfy

(@, qr+1) — =f ’ Qk7qk+1)(U)’
(U) are submanifolds of 1, Q and T, Qk L@, respec-

(qx » =D1La(qr, qr+1) — ) € M eaein) T,,Q;
(@k+1+ —D2La(qe: Ger1) + Prsr) € M CTo Q.

Thus, the Lagrangian function defined in is restricted to these points
only. Thus, it is necessary to apply constrained variational calculus typically
performed by means of constraint functions ., ¢} : T*Q x T*Q — R, 1 <
a < n—dimU. Therefore, the solutions of the optimal control problem are
now viewed as the solutions of the discrete constrained problem determined

by an extended Lagrangian £; and the constraints @if. Since fi‘(qk Grr1)

are embeddings, as established in definition (3.2]), the number of constraints
is determined by n minus the dimension of U. Note that the total number
of constraints, ®Z is therefore 2(n — dim U).
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To solve this problem we introduce Lagrange multipliers (A, )%,(A{)® and
consider discrete variational calculus using the augmented Lagrangian

La( Qs s Ay s Qo1 P15 AL ) =La( Qs Pros Qo 15 Pt 1)
+ (M) Py (@, P> Q15 Pi41)
+ AN)Y®L (qr Pres Q15 Pr41)-

Observe that, even though the constraints are functions of the Cartesian
product of two copies of the cotangent bundle i.e. ®F : T*Q x T*Q — R,
neither ®, depends on pgy1 nor ®F on pg. The discrete Euler-Lagrange
equations gives us the solutions of the underactuated problem.

Typically, the underactuated systems appear in an affine way that is

T (@ arvrouy, ) = Ap (r qr1) + By (qrs qrr1) (1)
fi gk arr,u)l) = Af (@i, ar1) + By (ar, @) (uf)

where Ay (qr, grr1) € T, Qs Ay (qr, qet1) € Ty Q. Moreover By (qk, rt1) €
Lin(U, T7 Q) and Bjf (qk, qe+1) € Lin(U, 13,.,Q) are linear maps (we as-
sume that U is a vector space and Lin(E;, E3) is the set of all linear
maps between Fy and Es). In consequence B (qk, qr+1)(uy, ) € Ty @ and
By (qr, qrr1) (wf) € Ty, Q.

Then the constraints are deduced using the compatibility conditions:

rank B, = rank (B; ; —D1La(qk, qr+1) — Pk — A5, (@, @rt1)) 5
rank B = rank (B ; —D2La(qk, qk+1) + Pes1 — AL (@, @rt1))

which imply constraints in (qg, qx+1,Pr) and (qk, Qk+1, Pr+1) respectively.
The fact that f,;t‘(qk griy) AT€ both embeddings implies furthermore that

rank B, = rank B;" = dim U.

Since we are dealing with a discrete constrained variational problem, the
geometric preservation properties are deduced directly applying the results
in [26].

4. DISCRETE OPTIMAL CONTROL ON LIE GROUPS

The case when the configuration space is a Lie group G is studied next.
Variational integrators for such systems were developed in [30, 5] and the
corresponding discrete variational optimal control problems studied in [21],
3, [18], B8]. Our approach, employing the developments in [I8], is to reduce
the second order Euler-Lagrange equations on G to first order equations on
the Lie algebra g and to perform optimization in this reduced unconstrained
space.

Following the developments in § |2 assume that the Lagrangian defined
by Ly : G x G — R is invariant so that

La(gk> gk+1) = La(ggx, G9k+1)

for any element g € G and (gx, gx+1) € G X G. According to this, we can
define a reduced Lagrangian l; : G — R by

laWi) = La(e, g; " gh1)
where Wy, = gk_1 gi+1 and e is the identity of the Lie group G.
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The reduced action sum is given by

Sy : GN-1 5 R
(Wo, .., W)+ il La(Wh).

Taking variations of S; and noting that
Wi = —g; " (39k) 95, " gk1 + 95, Sgrs1 = =W + Wiy,
where 7 = gk_légk, we arrive to the discrete Euler-Poincaré equations:
(kadld)(Wk) - (kaildld)(WkJ—l) =0, k= L..,N—1,

where [ : G X G — G and r : G X G — G are respectively the left and the
right translations of the group (see also [3]).

If we denote by i = (T::Vk dlq)(W}y) then the discrete Euler-Poincaré equa-
tions are rewritten

py1 = Ay s (13)

where Ad : G x g — g is the adjoint action of G on g. Typically this
equations are known as the discrete Lie-Poisson equations (see [5l, 29] [30]).

Consider a mechanical system determined by a Lagrangian !/ : g — R,
where g is the Lie algebra of a Lie group G, which also is a n-dimensional
vector space. The continuous external forces are defined as follows f : g x
U — g*. The motion of the mechanical system is described applying the
following principle

T T
[ ey ar+ [ uw).aw) de=o. (14)

for all variations 6(t) of the form 0&(t) = n(t) + [£(¢), n(t)], where n(t) is an
arbitrary curve on the Lie algebra with n(0) = 0 and n(T) = 0 (see [31]). In
addition (-,-) is the natural pairing between g and g*. These equations give
us the controlled Euler-Poincaré equations:

d (6l . [ Ol
i (5¢) =% (5¢) +/
where aden = [£, 7).

The optimal control problem consists of minimizing a given cost func-
tional:

T
/0 C(E(t), u(t))) db, (15)

where C': g x U — R.

Now, we consider the associated discrete problem. First we replace the
Lie algebra g by the Lie group G and the continuous curves by sequences
Wo, W1, ... Wy (since the Lie algebra is the infinitesimal version of a Lie
group, its proper discretization is consequently that Lie group [30, [32]).

The discrete Lagrangian [ : G — R is constructed as an approximation
of the action integral, that is

(k+1)h

(W) ~ / Ie() d.

kh
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Let define the discrete external forces in the following way: f,;t :GxU — g¥,
where U C R™ for m <n = dimg. In consequence
(k+1)h

U W) ) + G W) e = [ (€0, )0

kh
where (f,, (Wg, up ), fif (Wi, ui)) € g* x g* and n, € g, for all k. In addition
1o =nn = 0 and (-, -) is the natural pairing between g and g*.
For sake of simplicity we are sometimes going to omit the dependence on
G x U of both f,j and f, .
Taking all the previous into account, we derive a discrete version of
the Lagrange-D’Alembert principle for Lie groups:

=

N—-1
8 Y La(Wi) + D ((fom) + (Fif o) =0, (16)
k=0 0

e
Il

for all variations {0W},}x—o, . n—1 verifying the relation 0Wj, = —n, W), +
Wi i1 with {ng}r=1,. ~—1 an arbitrary sequence of elements of g which
satisfies ng, ny = 0 (see [211 [18]).

From this principle is easy to derive the system of difference equations:

l*Wk—1 dld(kal) — T:Vk dld(Wk)

+ [ (W, wf ) + fr Wi, uy) = 0,

for Kk = 1,...,N — 1, which are called the controlled discrete Euler-
Poincaré equations.
The cost functional is approximated by

(17)

(k+1)h
Catup Wei) = [ Cleto).ute) at, (18)
yielding the discrete cost functional:
N-1
T =Y Calug, Wi, uy) . (19)
k=0

Observe that now Cy: U x G x U — R.

4.1. Fully Actuated Systems. In the fully actuated case the mappings
fily s U = g* defined by f,;t\w(u) = fi£(W,u) are diffeomorphisms for all
W € @, therefore, we can construct the Lagrangian L4 : g* x G x g* — R
by

La(vi, W, Viy1)

= Cd((f;;’Wk)_l(rzvkdld(wk)*vk), W, (f;ﬂwk)_l(*l:vkdld(wk) + Vkt1)),

(20)
where the variables vy, v, 11 € g* are defined by

Vi1 = Uy, dla(Wi) + fif Wi, u),

The discrete phase space g* x G x g* is now a mixture of two copies of the
Lie algebra g* and a Lie group G. This is also an example of a Lie groupoid

([241)-
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The discrete optimal control problem defined in and has been
reduced to a Lagrangian one, with Lagrangian function L4 : g* xGxg* — R.
In consequence, we are able to apply discrete variational calculus to obtain
the discrete equations of motion in the phase space g* x G x g*.

Let us show how to derive these equations from a variational point of view
(see [24] for further details). Define first the discrete action sum

N-1

Sa="> La(Vk, Wi, vs1).
k=0

Consider sequences of the type {(l/k,W]E,Vk+1)}k:07m7]v_1 with boundary
conditions: vy, vy and the composition W = Wy Wy - - - Wy_o W_1 fixed.
Therefore an arbitrary variation of this sequence has the form

{vi(e), hi ' (€) Wi hi1(€) , vit1(€) tomo, . .N—1

with € € (—=0,9) € R (both € and d > 0 are real parameters) and vy(€) = vy,
vp(0) = v, , vn(e) = vn, hi(e) € G and ho(e) = hn(e) = e, for all e.
Additionally hy(0) = e for all k.

The critical points of the discrete action sum subjected to the previous
boundary conditions are characterized by

d N-1
0 = & —o (Z »Cd(l/k(E) , h,;l(e) W hk+1(€) , Vk+1(€)))
k=0
- % o {Lalvo, Wohi(€), 11(€)) + La(vi(e) , by () Wi ha(e) , va(e))

o Lalvn—a(e), Ayt o(€) Wn—ahn_1(€), vn_1(€))
+,Cd(l/]v_1(6) s h&{l(e) WN_1 s VN)} .

Taking derivatives we obtain

N—-1
"o k=1 [Z*Wk_l d‘(yk—h”’f)(wkfl) _T:deﬁd‘(l/ml/k-ﬁ—l)(Wk)} Ohu,
N-1
+ [DQﬁd‘(Wk—l)(kal’ Vk) + Dlﬁd‘(wk)(l/kv Vk+1)] OV,
k=1

where £d|(W) 1 g"xg" — Rand £d|(,, e G — R are defined by Ed’(w)(y, V) =
Ed‘(y V,)(W) = Lq(v, W,V'), where W € G and v,V € g*. Since dhy (which

is defined as %|Ezo) and dvy (which is defined as %‘610)7 k=1,...,N—1
are arbitrary, we deduce the following discrete equations of motion:
linqdﬁd‘(kal,Vk)(Wk_l) B T;Vk* dﬁdl('/k#kﬂ)(wk) = 0
(22)
D2£d‘(Wk_1)(Vk—1a V) + Dlﬁd‘(wk)(yka vey1) = 0,

for k=1,..., N — 1. Similarly to we obtain the control inputs u, and
u;: using .
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Define the following discrete Legendre transformations

*

FLy:g"xGxg" — g"xT'g

(Vk—1, Wi—1,v%) (T:Vk_ldﬁd‘(ykil’yk)(Wk—l) Dl»cd’ ) (W1, V1)),
and
FrLy:g"xGxg" — g*xTrg*

(Vk—1, Wk—1,%) (Z:Vkildﬁd‘(yk_ vy (Wh-1) D2£d‘ ) (W1, V)

These relationships implicitly define the discrete Hamiltonian evolution op-

erator

Vgt 0" ><T* o— gt xTg”
Dlﬁd‘ — (l:vk_ld,cd{( -

(T* Vi—1,Vk)

Wi_1 d‘(”k 1,Vk)’

Dgﬁd‘ (Wi_1)
which verifies

'_}/Zd{F, G}g* xT*g* = {’72dF7 ﬁZdG}g* xT*g*
The Poisson bracket is specified in canonical coordinates (z;, y;,p’) on g* x
T*g* by
{Zz‘, Zj}g* xT*g* = Ck 2k,
{Zi7yj}g*><T*g* - {Ziap]}g*xT*g* = {y’iayj}g*XT*g* = {pl,ﬂ}g*xT*g* = 0,
{yiap]}g*XT*g* = 57?7

where ij are the structure constants of the Lie algebra g fixed a basis {e;},

1 <i < dimg. Here, we denote by z; and y; the induced coordinates on g*,
*

and (y;, p;) coordinates on T™g*.

4.2. Underactuated Systems. The underactuated case can now be con-
sidered by adding constraints. Similarly to §3.3] underactuation restricts
the control forces to lie in a subspace spanned by vectors {e®} of the basis
{e®,e?} of g*, where {s,0} =1,...,n. Then

fe Wiy ) = ag (W) + (b (W, g, ) s€”
W) = aﬁ(Wk)+(b+(Wk7uk))s ;

k
where a, (Wy), a; (Wi) € g* and (b, (W, uy,))s, (b (Wk, ui))s € R, for all
s. Additionally, the embedding condition implies that rank b, = rank bz =
dimU. Then, taking the dual basis {es, e, }, we induce the following con-
straints:

S (v, Wi, Vg11) = <T’:Vk dlg(Wy) — v — alz(Wk), es) =0, (23a)
O (v, Wi, Ups1) = (Vg1 — I, dla(Wi) — af (W), es) = 0. (23b)
Observe in that, even though the constraints are functions ® : g* x
G x g* — R, neither ®, depends on vg;1 nor ®F on v,. Once we have

defined the constraints we can implement the Lagrangian multiplier rule in
order to solve the underactuated problem. Namely, we define the extended
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Lagrangian as:

La(is Ny s Wiy Vi1, AL =La(vi, Wi, V1)

+ (AL) @5 (Vi Wi, Vigt1) (24)

+ (AD)7®F (v, Wi, V).
Defining the discrete action sum

N-1

Scllmder = Z Ld(ykv )‘];7 Wk? V41, )‘;)7
k=0

we obtain the underactuated discrete equations of motion

ka71 dﬁd‘(”k—h”k)(wk_l) “Twey dﬁd}('/kvl'kﬂ)(wk)
T Z:VkA <()\lz_1)0 d(I)C:‘(kalyl’k)(Wk_l) T ()\z_l)a dQ:‘(kalv’/k)(Wk_l))

N T:VkA <()\]:)U d@;MVkaH)(Wk) + ()\;:)U dq)j‘(”k#kﬂ)(wk)) =0,
Dy Ed‘(Wk,l)(yk_l’ Vi) + D1 'Cd’(Wk)(Vk’ V1) + [()\—ki_—l)g _ ()\];)G] er = 0,
@;(Vk, Wy, Vk-+1) =0,

(I):(Vkv Wka VkJrl) = 07
(25)

where the subscripts (Wi_1), (Wg), (Vk—1,vk), (Vk, Vk+1) denoted variables

that are fixed.

5. NUMERICAL METHODS FOR SYSTEMS ON LIE GROUPS

We now put the discrete optimal control equations and into a
form suitable for algorithmic implementation. The numerical methods are
constructed using the following guidelines:

(1) good approximation of the dynamics and optimality,
(2) avoid issues with local coordinates

(3) guarantee for numerical robustness and convergence,
(4) numerical efficiency.

The algorithm developed in this section will be derived from a trapezoidal
quadrature and will approximate the dynamics and optimality conditions
to at least second order [32] (requirement [1). In addition, we will sat-
isfy requirement [2] for systems on Lie groups by lifting the optimization to
the Lie algebra through a retraction map that will be defined in this sec-
tion. The resulting algorithms are numerically robust in the sense that there
are no issues with coordinate singularities and the dynamics and optimality
conditions remain close to their continuous counterparts even at big time
steps. Yet, as with any other nonlinear optimization scheme it is difficult to
formally claim that the algorithm will always converge (requirement . Nev-
ertheless, in practice there are only isolated cases for underactuated systems
that fail to converge. A remedy for such cases has been suggested in [1§]. In
general, the resulting algorithms require a small number of iterations, e.g.
between 10 and 20 to converge (requirement [4]).
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Note that the discrete mechanics approach provides an accurate approxi-
mation of the dynamics associated with its momentum and symplectic form
(or Poisson bracket) preservation and good energy behavior. Long-time sta-
bility, though, becomes less important for optimal control problems with
short time horizon T'. Yet, the notion of symplectic optimality conditions
for two-point boundary value problems likely has deeper implications, e.g.
related to the region of attraction and numerical stability of the associated
root-finding numerical procedure. Such directions are not explored in this
work and require further study.

The optimization variables W}, are regarded as small displacements on the
Lie group. Thus, it is possible to express each term through a Lie algebra
element that can be regarded as the averaged velocity of this displacement.
This is accomplished using a retraction map 7 : g — G which is an
analytic local diffeomorphism around the identity such that 7(&)7(—=¢) = e,
where ¢ € g. Two standard choices for 7 are employed in this work: the
exponential map, and the Cayley map.

Regarding £ as a velocity we set the discrete Lagrangian [; : G — R to

la(Wy) = hi(&),

where & = 77(g; ' gr+1)/h = 71(Wy)/h. The difference g; ' gx11 € G,
which is an element of a nonlinear space, can now be represented by the
vector & in order to enable unconstrained optimization in the linear space
g for optimal control purposes.

The variational principle will now be expressed in terms of the chosen
map 7. The resulting discrete mechanics will thus involve the derivatives of
the map which we define next (see also [6] 14 [I8]):

Definition 5.1. Given a map 7 : g — G, its right trivialized tangent
dre : g — g and is inverse d7'§_1 : g — g, are such that for g = 7(§) € G
and 7 € g, the following holds
et (§)n = dren7(§),
dem 1 (g)n = dr M (nT(=6)).
Using these definitions, variations ¢ and dg are constrained by
06k = dmpet (=mk + Adr (e )i 11) /Dy

where 1, = g,;lcsgk, which is obtained by straightforward differentiation of

& =79 " gra1)/h-
The retraction map 7 choices are:

a) The exponential map exp : g — G, defined by exp(§) = (1), with
v : R — G in the integral curve through the identity of the vector field
associated with £ € g (hence, with 4(0) = £). The right trivialized derivative
and its inverse are defined by

o0
1 .
dexp,y = Z : ad’ y
|
= (7 + 1!

dexp,'y = Y —Fadly,
=0 7
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where B; are the Bernoulli numbers (see [I1]). Typically, these expressions
are truncated in order to achieve a desired order of accuracy.

b) The Cayley map cay : g — G is defined by cay(§) = (e — g)_l(e + %)
and is valid for a general class of quadratic groups (see [I1]) that include the
groups of interest in this paper (e.g. SO(3), SE(2) and SE(3)). Its right
trivialized derivative and inverse are defined by

T, _ T, _

deay,y = (e—3) 1y(€+§) Y
-1, _ _ T o
dcaym y - (6 2)y(€+ 2)

Next, the discrete forces and cost function are defined through a trape-
zoidal approximation, i.e.

N | S

f];t(gkvu:kt) = 7f(£kau%)a
and
. ok N
Cd(uk 7£k7uk) = 5 C(&kvuk ) + 5 C(ékvuk )a

respectively. With the choice of a retraction map and the trapezoidal rule
the equations of motion become

pr = AT (g, k1 = gf(fkv ug ) + gf(fk—lau:_ﬁa
p = (A7 ) Del (€),
Jr+1 = giT (h&k),

while the momenta defined in take the form

h
Vi = Hg — b f(ékau];% (26)

. h
Vi1 = AdT(hgk)Mk + 5 T (&, Uz) (27)
Finally, define the Lagrangian ¢, : g* x g X g* — R such that
gd(yv €7 l//) = Ed(”: T(hf)v V/)'

Note that the Lagrangian is well-defined only on g* x4 x g*, where 4l C gis an
open neighborhood around the identity for which 7 is a diffeomorphism. To
make the notation as simple as possible we retain the Lagrangian definition
to the full space g* x g x g*.

The optimality conditions corresponding to become

(dT—_}iﬁk—J* dgd}(l/k—huk)(fk*l) - (dTh_E}c)* dgd‘( (&) = 0, (28)
Dy Ed‘(gkil)(ljk—la vk) + D1 fd\(gk)(l/k, Vkr1) = 0

Vg Vkt1)

—
[\
©o

~—

for k=0,...,N — 1. Here, Ed’(é)(y, V') = 4] VV,)(f) = ly(v, &, V). Equations
and (29) can be also obtained from (22)) employing Lemma and
Lemma [8.3]in Appendix A.
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In the underactuated case we define
La(v, €,V A7, NT) =Lq(v, 7(RE), V)
TR |y (1(hE) + (ND)7BE] 0 (7(5E)).

(30)
and from obtain the equations
-1 x 77 —1\x 77
(A7 pg, ) dzd‘(%—h”kv)\f_l)(gkfl) — (d7g,) dgd‘('/kﬂ/mh/\ki)(&) =0,
+ N —
Dy 'Cd‘f(hfk,l)(yk_l’yk) + Dy Ed}f(hfk)(yk’yk"'l) +)‘k—1 /\k =0, (31)

@, (v, T(h&k), k1) = 0,
O (vg, T(hEy), V1) = 0,

where we employed the notation A* := (A¥)%¢,.

Boundary Conditions.: Establishing the exact relationship between the
discrete and continuous momenta, py and u(t) = 0¢l(§(t)), respectively, is
particularly important for properly enforcing boundary conditions that are
given in terms of continuous quantities. The following equations relate the
momenta at the initial and final times ¢t = 0 and t = T and are used to
transform between the continuous and discrete representations:

oo~ OEO) = & FE0),up),
h

Oel(¢(T)) — Ad:(th,l) PN-1 = 5 FET), uy).

which also corresponds to the relations vy = 0¢1(£(0)) and v = 0:1(E(T)).
These equations can also be regarded as structure-preserving velocity bound-
ary conditions, i.e., for given fixed velocities £(0) and &(T).

The exact form of the previous equations depends on the choice of 7.
This choice will also influence the computational efficiency of the optimiza-
tion framework when the above equalities are enforced as constraints. The
numerical procedure to compute the trajectory is summarized as follows:

Algorithm 5.2. Optimal control

Data: group G; mechanical Lagrangian l; control functions a, b; cost
function C; final time T ; number of segments N .

(1) Input: boundary conditions (g(0),£(0)) and (g(T),&(T)).

(2)  Set momenta vy = 0¢l(£(0)) and vy = 0:1(E(T))

(3)  Solve for (&, ...,EN—1, 11, ...,VN_l,)\it, -~-7)‘ﬁ71) the relations:

equations forallk=1,...,. N —1,

L e e o0y ta() =0

(4)  Output: optimal sequence of velocities &g, ...,EN—1.

(5)  Reconstruct path go, ...,gn by gk+1 = gx7(h&) for k =0,...,N —1.

The solution is computed using root-finding procedure such as Newton’s
method. If the initial guess does not satisfy the dynamics we recommend
to use a Levenberg-Marquardt algorithm which has slower but more robust
convergence.
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5.1. Example: optimal control effort. Consider a Lagrangian consisting
of the kinetic energy only

full unconstrained actuation, no potential or external forces and no velocity
constraint. The map I : g — g* is called the inertia tensor and is assumed
full rank.

In the fully actuated case we have f(g, u,f) = uf We consider a mini-
mum effort control problem, i.e.

1
Cle,w) = 5 lul’

The optimal control problem for fixed initial and final states (g(0), £(0))
and (g(T"), £&(T)) can now be summarized as:

Compute: &y-1 , Uiy,
e e e e N— _
minimizing: %Zk:ol (|| U H2 + | u; ||2) ,
subject to:
po —I(£(0)) = S g,
ILLk — Ad:(hgk—l) /Jk_l = h(ul: + ul—:—l)7 k == 17 ceey N — 17
I(E(T)) — Adi(hgj\_l) HUN-1 = %U]J(m
pe = (A ) 1(ER),
gk+1 = gk 7(h&), k=0,..N—1,

T Mgy 9(T)) = 0.

The optimality conditions for this problem are derived as follows. The
Lagrangian becomes

N-1

1
S (v — (@7 TE) 1P + v — (@7 )& 1)
k=0

ed(Vk,fk, Vk+1) = E

where the momentum has been computed according to

1 1k _ ¥
ve =5 ((A7g) TE) + (A7 70, ) L(E-1)) (32)
Thus the optimality conditions become

(d Th—é)* ded‘(Vkka-&-l)(é.k) —(d T:iigk,l)* ded‘(
k=1,.,N—1,

)(gkfl) =0,

Vg—1,Vk

1 (T(hﬁN,l)fl...T(hfo)fl go_lg(T)) =0.

It is important to note that these last two equations define N n equations
in the N n unknowns &y.ny_1. A solution can be found using nonlinear root
finding. Once &y.n have been computed, is possible to obtain the final con-
figuration gyx by reconstructing the curve by these velocities. Beside, the
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boundary condition g(7') is enforced through the relation 77 (95" g(T)) = 0
without the need to optimize over any of the configurations gy.

5.2. Extension: the configuration-dependent case. The developed frame-
work can be extended to a configuration-dependent Lagrangian L : G x g —

R, for instance defined in terms of a kinetic energy K : g — R and potential
energy V : G — R according to

L(g,€) = K(§) = V(9),

where g € G and £ € g. The controlled Euler-Poincaré equations are in this
case

fr—adgpu=—g"9,V(g) + [,
p=0:K(§),
g=9¢&,

where the external forces are defined as f : G x g x U — g*. Our discretiza-
tion choice Ly : G x G — R will be (recall that & = 77 (g; 'gr+1)/h)

h h
Lq(9k, gk+1) = §L(9kafk) + §L(9k+1,€k)
= n(g) - n VT V),

while the G-dependent discrete forces now become

h h
fk;_(gkngkuu];) = §f(gk7§kuu];)7 f]j_(gk—i-hgkau;:) = if(gk-i-l?gkau;:)'

This leads to the discrete equations
M — Ad:(hgkfl),uk—l = —h g;04V (9r)
h _ h
+§ f(gk7 fka Up ) + 5 f(gk7 gkfla u;:_l)7
pe = (A7 ) 0 K (&),
Gr+1 = grT(h&k).

The momenta become
h h _
v = pt 5 90 Vgr) — B F (s Eks 1y, ),

Vel = AdZe bk — 5 Jt1 0y V(gr+1) + 5 f(Grt1s &y ud).

In consequence, we can define a discrete Lagrangian
Lg:9"x Gxgxg' — R,

depending on the variables (v, gk, &k, Vk+1) which discrete equations of mo-

tion will be a mixture between and , , namely
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D, Sd‘( (Vk—1,vk) + D1 £d|(gk7§k)(7/k,7/k+1) =0,
(lgk_1 dsd‘(vk—hfk—lvvk)(gk*l) - Tgkd£d‘(Vk7§kaVk+1)(gk))

—1 * —1\*
+ ((dT_hgk—l) dsd'('/kfl,gkfulfk)(ék_l) - (dThfk) dsd‘(

Ik—1,Ek—1)

(&) = 0.

VisGkVh+41)

6. APPLICATIONS

6.1. Underwater Vehicle. We illustrate the developed algorithm with an
application to a simulated unmanned underwater vehicle. Figure shows
the model equipped with five thrusters which produce forces and torques
in all directions but the body-fixed “y”-axis. Since the input directions
span only a five-dimensional subspace the problem is solved through the
underactuated framework.

—_—
propellers

parallel 3
parking

U drag

a) » b)

FIGURE 1. An underwater vehicle model (a) and various computed
optimal trajectories between chosen states (b). Only a few frames along
the path are shown for clarity.

Angular velocity Linear velocity Control inputs

|
ST
|

<

z 0
% 2 4 s X 2 4 6 % 2 4 6
Sec. SecC. sec

FIGURE 2. Details of the computed optimal path for the reconfigura-
tion maneuver given in Figure .

The vehicle configuration space is G = SFE(3). We make the identification
SE(3) ~ SO(3) x R? using elements R € SO(3) and x € R? through

_ R =z 1 _( RT —RTz
P70 1 )77 T oe 1 )0
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where g € SE(3). Elements of the Lie algebra £ € se(3) are identified
with body-fixed angular and linear velocities denoted w € R? and v € R3,

respectively, through
¢ = w v
O1x3 O ’

where the map *: R? — s0(3) is defined by

0 —w3 w2
o= wy 0 —w |. (33)
—Ww?2 w1 0

The algorithm is thus implemented in terms of vectors in RS rather than
matrices in se(3).

The map 7 = cay : se(3) — SE(3) is chosen, instead of the exponen-
tial, since it results in more computationally efficient implementation. It is

defined by
cay(w) dcay,v
cay(e) = (Y e )
where cay : s0(3) — SO(3) is given E| by

(W) =13+ 4 v+ o (34)
cay(w) = —— o+ =],

Y T e 2

where I, is the n x n identity matrix and dcay : R? — R? is defined by

decay,, = (213 4+ ). (35)

2
A4 [l w |2
The matrix representation of the right-trivialized tangent inverse dr
R3 x R? — R? x R3 becomes

1 .
(w) ~

-1 - I; — la + %wa 03

ol T 4@ -7 L4

The vehicle inertia tensor I is computed assuming cylindrical mass dis-

tribution with mass m = 3kg. The control basis vectors are {es}5_; =

{e1,e2,€3,€e4, €5}, while the non-actuated direction is e, = e5, where e; is
the i-th standard basis vector of RS. The control functions take the form

b(W,u)1 = d(us — ug),
c((uy 4+ u2)/2 — ug),

(36)

=
=

<
5

[

a(W) = Hr™'(W),

here H is a negative definite viscous drag matrix and the constants c, d are
the lengths of the thrusting torque moment arms (see Figure [1)).

We are interested in computing a minimum control effort trajectory be-
tween two given boundary states, i.e. conditions on both the configurations

Lhote that cay denotes a map to either SO(3) or SE(3) which should be clear from its
argument.
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and velocities. Such a cost function is defined in The optimal control
problem is solved using equations . The computation is performed us-
ing Algorithm Figure [2] shows the computed velocities and controls for
the “reconfiguration” trajectory shown in Figure[l] The algorithms requires
between 10-20 iterations depending on the boundary conditions and when
applied to N = 32 segments.

Forces

FIGURE 3. An optimal trajectory of an underactuated rigid body on
SO(3) (a). The body is controlled using two force inputs around the
body-fixed x and y axes. A discontinuous optimal trajectory (b) which
our algorithm can handle.

6.2. Discontinuous Control. One of the advantages of employing the dis-
crete variational framework is the treatment of discontinuous control inputs
as illustrated in The nature of the control curve depends on the cost
function. In the standard squared control effort case (i.e. Lo control curve
norm employed in the resulting control is smooth. Another cost func-
tion of interest is [; ||u(t)||dt which is typically imposed along with the
constraints Upmin < u(t) < Umae. This case results in a discontinuous opti-
mal control curve. Our formulation can handle such problems easily since
the terms u?fl and u, are regarded as the forces before and after time
tx, respectively. A computed scenario of a rigid body actuated with two
control torques around its principles axes of inertia (Fig. |3)) illustrates the
discontinuous case.

7. EXTENSIONS

The methods developed in the previous sections are easily adapted to
other cases which are of interest in practical applications. In particular, this
section will be devoted to the discussion of two important extensions: the
case of optimal control problems for Lagrangians of the typel : TM xg — R
(that is, reduction by symmetries on a trivial principal fiber bundle) and
the case of nonholonomic systems. Here, M denotes a smooth manifold.
Observe that the phase space T'M x g unifies the previously studied cases
of a tangent bundle and a Lie algebra.

The notion of principal fiber bundle is present in many locomotion and
robotic systems [7, 4, [35]. When the configuration manifold is Q@ = M x G,
there exists a canonical splitting between variables describing the position
and variables describing the orientation of the mechanical system. Then,
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we distinguish the pose coordinates g € G (the elements in the Lie algebra
will be denoted by ¢ € g), and the variables describing the internal shape
of the system, that is x € M (in consequence (z,#) € T'M). Observe that
the Lagrangians of the type [ : TM x g — R mainly appears as reduction of
Lagrangians of the type L : T(M x G) — R, which are invariant under the
action of the Lie group G. Under the identification T(M x G)/G =TM x g
we obtain the reduced Lagrangian [. We first develop the discrete optimal
control problem for systems in an unconstrained principle bundle setting
in Nonholonomic constraints are then added to treat the more general
case of locomotion systems in

7.1. Discrete Optimal Control on Principle Bundles. The discrete
case is modeled by a Lagrangian lg: M x M x G — R which is an approxi-
mation of the action integral in one time step

h(k+1)

i, a1, Wi) = /h L(x(t), @(t), (1)) dt,

k

where (xg,zr11) € M x M and Wy € G. Again, we define the discrete
control forces according to f,;t : M x M x GxU — T*M x g*, where
UcCR™

T (@, Tg1, Wiy uy, ) = (f[(xk,ﬂﬁkﬂ,Wk,u;;),f;{(ka,ka,Wk,u;)) ,
[ (@, T, Wiy ul) = <fk (ko Thp1, Why ), fi ($k7xk+17Wk,uk)>

here f,- € T; M x g* and fk e T M x g* (more concretely f,; eT; M,

. ) o, Tht1
Frets M, fieq, ffeq).

Similarly to the developments in § [3] and § [4.1] we can formulate the
discrete Lagrange-D’Alembert principle:

N-1 N-1
8 la(wn, whn, Wi) + (fir (6, mi))
k=0 k=0
N-1
+ <f]:_7 (6$k‘+1777k’+1)> = Oa
k=0

which can be rewritten as

N-1

F

N—
J Z la(xg, Thgr, Wi)  + fo Oz, Z AT
k=0 k=0 k=0
N-1 N-1
+ (f s 7w) +Z fiEmkaa) =0,
k=0 —0

for all variations {5xk},]€V:0 with 6z € T, M and dxg = dxzy = 0; also
{5Wk}kN:0 with 6W}, € Ty, G, such that 6W), = —n Wy + Wini41, being
{ﬁk}ivzo a sequence of independent elements of g such that ny = ny = 0.
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Applying variations in the last expression and rearranging the sum, we
finally obtain the complete set of forced discrete Euler-Lagrange equa-
tions:

Dily(zy, g1, Wi) + Dalg(zp—1, 26, Wi—1) + f + fi 1 =0, (37)
by, Dsla(wg—1, 2k, Wi—1) — 1y, Dala(xr, Trp1, Wi) + fk_ + f;j_l =0,(38)

with K = 1,..., N—1. Since we are dealing with an optimal control problem,
we introduce a discrete cost function Cy: M x G x M xU x U — R. Asin
previous cases, our objective is to extremize the following sum

N-1

.
E Ca(xp, W, g1, uy ,uy ),
k=0

subjected to equations and . Let us initially restrict our attention
to the case of fully actuated systems.

Definition 7.1. (Fully actuated discrete system) We say that the dis-
crete mechanical control system is fully actuated if the mappings

fk_‘(lfowhwl) U= T;:UM x g fk—‘($07$17wl)(u> - fk_(wo’xl’wl’u)’

f’j‘(mo,m,wﬂ U — T;M X g, f:‘(IO,ILWl)(u) = flj_<$07$17W17u)a

are both diffeomorphisms.

According to equations and , we can introduce the momenta by
means of the following discrete Legendre transforms:

pr = —Dila(w, g1, Wi) — [,
Pt = Dala(w, 2pyr, W) +

puk = 1y, Dsla(@p, Trer, Wi) — fi7,
fik+1 = Uy, D3la(wg, s, Wie) + fil-

In the fully actuated case, is possible to find the value of all control forces
in terms of Ths T+1, kapkapk+17 Kk HE+1, that is:

u]; - u]:(xkvxk+17wkapk7ﬂk)a (39)
up = uy (T, g1, Wy D1, Het1)- (40)

Replacing and into Cy, we finally obtain the discrete Lagrangian
that completely describes our system:

Lg:T"Mxg"xGxg'xT*M — R.

The associated discrete cost functional is
N-1
Jq = Z Li(xk, Py s Wiy k415 Tt 1, Ph41)- (41)
k=0

As usual, we take now variations in in order to obtain the discrete
Euler-Lagrange equations for our optimal control problem (with some abuse
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of notation we denote Q) = (Tk, Py ks Wiy k41, Th1, Pk+1) the whole set
of coordinates in the new phase space):

D6Liy(Qr-1) + DiLa(Qr)

D7Ly(Qi-1) + DaLa(Qr)

Dsﬁd(Qk 1) + D3Ly(Qr) =
By Dala(@Qr-1) — iy, Dala(Qx

together with the forced discrete Euler-Lagrange equations and .
Typically, actuation is achieved by controlling only a subset of the shape
variables. In our setting this is can be regarded as underactuation — the
mappings in definition become embeddings. If this is the case, it is
necessary to introduce constraints and apply constrained variational calculus

as in §[3.2) and §[4.1]

7.2. Discrete Optimal Control of Nonholonomic Systems. Optimal
control subject to nonholonomic constraints such as present in robotic ve-
hicles is considered next. In the following we will expose the theoretical
framework, leaving for future research the application to concrete examples.
A controlled discrete nonholonomic system on M x M x G is given by the
following quadruple (see [13| 20] and [10} [I5] for alternative approaches):

i) A regular discrete Lagrangian [;: M x M x G — R.

i1) A discrete constraint embedded submanifold M, of M x M x
G.

ii1) A constraint distribution, D., which is a vector subbundle of the

vector bundle 7., : TM x g — M, such that dim M. = dimD...
Typically, there is a relation between the constraint distribution and
the discrete constraint, since from M, we induce for every x € M,
the subspace D.(z) of T, M x g given by

Dc(x> - T(a:,x,e)Mc N (TacM X g) )

where we are identifying T, M x g =0, x T, M x T.G, with e being
the identity element of the Lie group G.
iv) The discrete control forces f,;t M xU — T*M x }* where U C R™
(again, forces f,;t split into f,;t and flzt as in the previous section).
We have the following discrete version of the Lagrange-D’Alembert
principle for controlled nonholonomic systems:

N-1 N-1
6 la(wg, whpr, We) + (fi.» 0wk, mi))
k=0 k=0
N-1
+ fk;’ 5$k+1 77]€+1)> 05
k=0

for all variations {dzy}n_o, with dzg = dzy = 0; and {§W}}n_, such that
oWy = =Wy + Wenga1, being {Wk}ivzo, verifying (dzk,nk) € De(zr) C
Ty, M x g such that n9 = ny = 0. Moreover, (zg,Tgt+1, Wi) € M, k =
0,...,N —1 (see [13].
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Take a basis of sections {(X%, %)} of the vector bundle 7p, : D, — M,
where X% € X(M) and 7* € g for a = 1,...,rank(D,). Hence, the equa-
tions of motion derived from the discrete Lagrange-D’Alembert principle for
controlled nonholonomic systems are:

0 = (D1la(k, Trt1, W) + Dala(x—1, 2, Wi—1) + frr + Fi 1, X%(@r))
(42)

+ (v, D3la(@r—1, 2k, Wi—1) — iy, D3la(wr, Trq1, W) + fo + F,am,

0= \Ilo‘(a:k,ka, Wk), (43)
where V(zg, zrp11, Wi) = 0 are the constraints which locally determine

My.
In a more geometric way, we can write equations and as follows

0= (ip.)" (Dlld(xlm Tpr1, W) 4+ Dolg(wg—1, x5, Wi—1) + fr, + fi 1,

Gy, Dsla(wp—1, T, Wi—1)  — T%szld(ka,%kH,WkH-f;;+fk+_1),

where(zg, zg11, Wi) € M. and ip,_ : D, — TM x g is the canonical inclusion.
Given a discrete cost function Cy : U x M, x U — R and the optimal

control problem is to minimize the action sum

N-1

Z Ca(uy,, Tp, Wy Tper1, ufh),

k=0
subject to equations and and to some given boundary conditions.
We next distinguish between the fully and under—actuated case using the
following definition:

Definition 7.2. (Fully actuated nonholonomic discrete system) We
say that the discrete nonholonomic mechanical control system is fully actu-
ated if the mappings

F];|(1.07m17W1) U — DZ, F];‘(:Eo,:m,Wl)(u) = (iDc)*(fi(l'nyleau))a
Fl:_|(zo,zl,W1) U =D, FJ‘(mo,m,Wl)(u) - (Z'DC)*(f;_($0,ZL'1,W1,U)),
are both diffeomorphisms for all (xg,x1, W1) € M.

Regarding equation and its geometric redefinition just below, let
introduce the following momenta:

T = (ip,)" (—Dila(@k, Trs1, Wa), iy, Dala(zr, mes1, Wi) — fr, )

Tt = (ip.)* (Dala(zh, Trg1, Wi), Gy, Dsla(k, pgr, Wi) + fi)
where both 73 and 751 belong to D}. In the fully actuated case, the value of
all control forces can be completely determined in terms of xx, 11, Wi, T, Tra1,
where the coordinates (zy,zky1, W) always belong to M,.. Therefore we

can re-express the cost function in terms of these variables and, in conse-
quence, derive the discrete Lagrangian

La: (D7) rpe Xpry (M)

Tpk " PT1
where pr; : Mg C M x M x G — M are the projections onto the first and
second arguments and 7px : D; — M the canonical projection.

XT’EC (D:) — R7

pr2



28 F. JIMENEZ, M. KOBILAROV, AND D. MARTIN DE DIEGO

Observe that we can consider this case as a constrained discrete variational
problem taking an extension

EZ:DZXGXDZ—)]R

of L4 subjected to the constraints ¥ (zx, zx4+1, W) = 0.

Therefore, denoting Qr = (g, Ty Wiy Tpa1, Tkr1) as the whole set of
coordinates of the new phase space D x G x D}, we deduce that the equations
of motion are

DiLy(Qp—1) + D1Lg(Qr) = N DoW(ay_y, g, Wi_1)
+ XX DL (2, 2pg 1, W),

DsLa(Qr1) + DaLa(Qr) = 0,

v DsLa(Qr_1) — 13y, DsLa(Qr) = Nl D30®(ay_q, ap, Wi_1)

k
_)\ar?;kazg\l/a([[‘k’ Th+41, Wk)?

\Ila(xk,xk+17Wk) = 0 )

where A\¥ are the Lagrange multipliers of the new constrained problem. The
underactuated case can be handled by adding new constraints and applying
discrete constrained variational calculus similarly to

Finally, note that these constructions can be simplified by expressing
the optimal control problems more compactly through the Lie groupoid
framework [24] which naturally generalizes the systems studied in this paper
such as vector spaces, Lie groups, and principle bundles. In particular,
the examples studied in this paper can be equivalently modeled using Lie
groupoid techniques [16] adapted to our proposed formalism. Future work
will explore these connections.

8. CONCLUSIONS

This paper develops numerical methods for optimal control of Lagrangian
mechanical systems defined on tangent bundles, Lie groups, trivial principal
bundles, and nonholonomic systems. The proposed approach preserves the
geometry and variational structure of mechanics through the discretization
of the variational principles on manifolds. The key point is to solve the opti-
mal control through discrete mechanics, i.e. by formulating the optimization
as the solution of an action principle of a higher-dimensional system in a new
Lagrangian phase space, i.e. T*@Q x T*(@ in the general case and g* x G x g*
in the Lie group case. The optimal control algorithm is then derived as a
variational integrator subject to boundary conditions. We thus expect that
both the dynamics and optimal control solutions will have accurate and sta-
ble numerical behavior (due to symplectic-momentum preservation) even at
large time-steps (which allows for improved run-time efficiency).

Simulations of an underactuated underwater vehicle illustrate an applica-
tion of the method. Yet, further numerical studies and comparisons would
be necessary to exactly quantify the advantages and the limitations of the
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proposed algorithm. An important future direction is thus to study the con-
vergence properties of the optimal control system. Convergence for general
nonlinear systems is a complex issue. In this respect, it is interesting to
note that the discrete mechanics and optimal control on Lie groups such as
the example in [6] using the Cayley map results in polynomial form without
further approximation or Taylor series truncation. A useful future direction
is then to study the regions of attraction of the numerical continuation using
tools from algebraic geometry.

More generally, the theoretical framework introduced in §7] can serve as
a basis for deriving algorithms for control systems such as multi-body loco-
motion systems or robotic vehicles with nonholonomic constraints. Further-
more, the developed classes of systems can be unified through the recently
developed groupoid framework [37, [13]. Each of the considered product
spaces (e.g. @x Q) can be regarded as a single groupoid space with equations
of motion resulting from a single generalized discrete variational principle.
This will enable the automatic solution of optimal control problems for var-
ious complex systems and a convenient unified framework for implementing
practical optimization schemes such as [34] [3 21, [I§]. More importantly,
this viewpoint can be used to apply standard discrete Lagrangian regularity
conditions (e.g. [32]) to optimal control problems evolving on the groupoid
space. This would provide a deeper insight into the solvability of the result-
ing optimization schemes.

APPENDIX A: LEMMAE

Lemma 8.1. (see [31]) Let g € G, A € g and 6f denote the variation of
a function f with respect to its parameters. Assuming A is constant, the
following identity holds

6(AdgA) = —Adg [, 97159]7
where [, -] : g x g = R denotes the Lie bracket operating or equivalently
€, n] = adgn, for givenn, £ € g.
Lemma 8.2. (see [6]) The following identity holds
dren = Ady ) dr_¢m,
for any &, € g.
Lemma 8.3. (see [6]) The following identity holds

dTg_l n= dT__gl (AdT(,g) 77) ,
for any &,m € g.
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