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1. Introduction

In this paper we develop, study, and test a Lie group multisymplectic integrator for geometrically exact beams. Multisym-
plectic integrators, as developed in [13], are based on a discrete version of spacetime covariant variational principles in field
theory (e.g., [9]) and are extensions of the well-known symplectic integrators for Hamiltonian ODEs [10]. The geometrically
exact model for elastic beams, in the spirit of classical mechanics, has been developed in [23,24]. In this paper, we shall em-
ploy the field theoretic covariant description of geometrically exact beams, as developed in [8] through covariant Lagrangian
reduction. A noteworthy feature of our proposed multisymplectic point of view is that it allows us to describe not only the
behavior of the beam during an interval of time, which is a classical dynamical point of view, but also to discover the evo-
lution in space of the deformations of the beam when the evolution “in time” of the strain located at a boundary node is
known.

At the core of our approach lies a discrete variational principle in convective representation defined directly on the con-
figuration manifold without resorting to local coordinates. This is accomplished by exploiting its Lie group structure and
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regarding velocities as elements of its Lie algebra, a well established approach in geometric integration (e.g., [11]) and dis-
crete optimal control on Lie groups (e.g., [12]). A central point in our development is to perform a unified Lie group discret-
ization, both spatially and temporally, in a geometrically consistent manner. The discrete equations of motion then take a
surprisingly simple-to-implement form using retraction maps, such as the Cayley map and its derivatives. The advantages
of Lie group formulations have been explored in a number of recent works in multibody dynamics, such as [18-20,17]. A
quaternion-based formulation has been employed for geometrically exact models in [4]. Nonlocal geometrically exact mod-
els (charged molecular strands) have been developed in [8].

A family of Lie group time integrators for the simulation of flexible multibody systems has been proposed in [2], while a
Lie group extension of the generalized-o-time integration method for the simulation of flexible multibody systems was
developed in [3]. Regarding the control theory perspective, in [26] it is shown that the Lie group setting allows an efficient
development and implementation of semi-analytical methods for sensitivity analysis. Directly associated to the geometri-
cally exact beam model, two different structure preserving integrators are derived in [6], using a Lie group time variational
integrator with favorable comparisons to energy-momentum schemes.

In contrast to these previous approaches, our key contribution is to exploit the multisymplectic point of view to develop a
new family of structure-preserving algorithms for the geometrically exact beam model. We investigate the quality of the
resulting methods both analytically and numerically through the evolution of the associated discrete energy and discrete
momentum maps. In addition, we consider the role of symplecticity associated to the displacement in both time and space.
In particular, we highlight, through two examples, the relationship between the discrete covariant Noether theorem associ-
ated to time evolution and the discrete Noether theorem for space evolution.

The present paper builds upon the discrete multisymplectic variational theory developed in [7] which is based on a dis-
cretization of the configuration bundle, the jet bundle, the density Lagrangian, and the variational principle, following [13].
In particular, the paper [7] studies the link between discrete multisymplecticity and usual symplecticity, the relationship
between the discrete covariant Noether theorem and the discrete standard Noether theorem (in the Lagrangian formulation),
and the role of the boundary conditions.

The paper is organized as follows. In Section 2, we briefly review the covariant continuum formulation of the geometri-
cally exact beam model. The discrete problem is formulated in Section 3. Spacetime discretization and the discrete Lagrang-
ian are introduced, the discrete covariant principle is stated, and the integrator is obtained. The discrete covariant
formulation of the Lagrange-d’Alembert principle with forcing is recalled. In Section 4, Noether's theorem and multisymplec-
tic discrete covariant Euler-Lagrange equations are developed. We recall the relationship between the symplectic nature of
the variational integrator for time and space evolution from the point of view of multisymplectic geometry. The main accom-
plishments of this paper are illustrated by the results of our tests in Section 5 which illustrate our new point of view by pre-
senting time and space simulations using multisymplectic integrators.

2. Covariant (spacetime) formulation of geometrically exact beams

Geometrically exact beams. Our developments are based on the geometrically exact beam model as developed in
[21,23,24]. This model, regarded as an extension of the classical Kirchhoff-Love rod model (see [1]), provides a convenient
parametrization from an analytical and computational point of view. In geometrically exact models, the instantaneous con-
figuration of a beam is described by its line of centroids, as amapr : [0, L] — R?, and the orientation of all its cross-sections at
points r(s), s € [0, L], by a moving orthonormal basis {d;(s), d;(s),ds(s)}. The attitude of this moving basis is described by a
map A : [0,L] — SO(3) satisfying

di(s) = A(S)E, [=1,2,3, (1)

where {E;,E;,E;} is a fixed orthonormal basis, the material frame.

The motion of the beam is thus described by the configuration variables A(t,s) and r(t, s), solutions of a critical action prin-
ciple associated to the Lagrangian of the beam. Two mathematical interpretations can be made in the variational principle.
First, one can view these configuration variables as curves t — (A(t),r(t)) in the infinite dimensional space (3, M) of maps
from B := [0, L] to M := SO(3) x R>. This approach is referred to as the dynamic formulation. Secondly, one can view the con-
figuration variables as spacetime maps (s, t) — (A(t,s),r(t,s)) from X := [0, T] x [0, L] to M = SO(3) x R>. This approach is re-
ferred to as the covariant formulation. We quickly comment on these two approaches below. Note that we have introduced
above the notations B, X, M for the spatial domain, the spacetime, and the space of all possible deformations, respectively.

Dynamic formulation. In the traditional Lagrangian formulation of continuum mechanics, the motion of the mechanical
system is described by a time-dependent curve q(t) in the (infinite dimensional) configuration space Q = F (B, M) of the sys-
tem. The Lagrangian function is a given map L : TQ — R defined on the tangent bundle TQ of Q, to which one associates the
action functional

T
Aq()) = /0 Lq(t), 4(t))dt.

Hamilton’s Principle 5.4 =0 for variations dq vanishing at the endpoints t = 0,T yields the classical Euler-Lagrange
equations
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doL oL

deaq oq
When the Lagrangian admits Lie group symmetries then, by Noether’s theorem, the associated momentum map is con-
served. More precisely, consider the action of a Lie group G with Lie algebra g and dual g*on the configuration manifold Q. If
the Lagrangian is invariant under the action of a Lie group G on Q, then the momentum map

Jo:TQ—g, 0u(q.9),¢) = (FL(q,9). 4o (@) (2)

is a conserved quantity along the solutions of the Euler-Lagrange equations. The inner product (u, &) denotes the pairing be-
tween u € g* and ¢ € g. The term &, denotes the infinitesimal generator of the action associated to the Lie algebra element
(eg,

exp(&d)q,

=0

olq) = de

where exp : g — G is the Lie group exponential map and gq the group action of g € Gon q € Q. The map FL: TQ — T*Q de-
notes the Legendre transform associated to L which, in standard tangent bundle coordinates, has the expression

FL@.4) = (4.3) € T, Q.
In the case of the geometrically exact beam we have Q = F([0,L],5S0(3) x R?) and the Lagrangian L : TQ — R reads

LA1, A, ) ::% /; [M|w||2 +wT]w} ds—% /: [(F—E3)TC] (I — Es) +QTCZQ} ds — /OLH(A,r)ds, (3)

where we defined the convective velocities and strains by
(@.7):=ATAATY,  (QI):=(ATA AT, (4)

considering that the thickness of the rod is small compared to its length, and that the material is homogeneous and isotropic.
Here M is the mass and J is the inertia tensor, both assumed to be constant. The matrices C;,C, are given by (see [25])

C, .= Diag(GA GA EA) and C,:=Diag(El; El, GI), (5)

where A is the cross-sectional area of the rod, I; and I, are the principal moments of inertia of the cross-section, I = I; + I, is
its polar moment of inertia, E is Young’s modulus, G = E/[2(1 + v)] is the shear modulus, and v is Poisson’s ratio. The basic
kinematic assumption of this model precludes changes in the cross-sectional area. Thus, for a given homogenous material, C;
and C, are constant. In (3), the three integrals correspond, respectively, to the kinetic energy, the bending energy, and the
potential energy density due to the gravitational forces.

Covariant formulation. In the covariant approach of continuum mechanics, one interprets the configuration variables as
space-time dependent maps (or fields) (t,s) € [0,T] x B ¢(s,t) € M.

In this framework, the time and space variables are treated in the same way and we shall take advantage of this fact later
when formulating the geometric discretization of the beam. In order to obtain the intrinsic geometric description, the fields
have to be interpreted as sections of the (here trivial) fiber bundle 7 : X x M — X, with X = [0, T] x B. The action functional is
obtained by spacetime integration of the Lagrangian density Z, i.e.,

Alp() = /X L(t,S,0:0, 05 ). (6)

The Covariant Hamilton Principle 5.4 = 0, for variations d¢ vanishing at the boundary, yields the covariant Euler-Lagrange
equations
oL oL oL
Ot w7+ 0s —a—=
Aowp)  ~0(0sp) O
If the Lie group G is a symmetry of the Lagrangian, the corresponding covariant momentum map is a conserved quantity. In
continuum solid mechanics problems there are two main symmetries: translation and rotation. For example, if M = R?, the
covariant linear and angular momentum maps are given as follows.
Linear momentum: The action on X x M by translation of x € G = R® is given by X - (s,t, ®) = (s,t, ¢ + X). For a given
direction ¢ € g = R?, the covariant linear momentum map is

oc
0(0up)

%)= d weftsy, ie{1,2,3}).

Angular momentum: The proper rotation group G = SO(3) acts on X x M by A - (s, t, @) = (s,t,Ap), A € SO(3), For a given
direction @ € g = s0(3) the covariant angular momentum map is

oL o ..
-0, uedtsy i,je{1,2,3}.
(0. @) !

RA(@) =
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The convective covariant formulation of geometrically exact beams has been developed in [8]; see especially §6 and §7 of
this paper. In this approach, the maps A, r are interpreted as space-time dependent fields

(t,5) € R x [0, Lj>(A(t,5),1(t, s)) € SO(3) x R>

rather than time-dependent curves in the infinite dimensional configuration space Q = F ([0, L], SO(3) x R?). The fiber bundle
of the problem is therefore given by

XxG—X, with X=Rx[0,[]>(ts), G=SE3)>(A,r),

and the Lagrangian density depends on (A,r, A, I, A’ '), where "= 8, and ' = ;. Here, SE(3) denotes the special Euclidean
group of orientation preserving rotations and translations and se(3) is its Lie algebra. In terms of the convective variables,
the Lagrangian density (i.e., the integrand in (3)) can be written as

1, . 1 p
LA T, @,7,Q.1) =5(3¢,8) —5(C (1~ Es), (n — Es)) — T1(g) =: K(£) — @(n) — I1(g) = L(8. &, 1), (7)
where g:=(A,r) € SE(3) are the configuration variables, ¢:=(w,y):=g g € se(3), are the convective velocities,
n:=(Q,I') =g g ese(3) are the convective strains, Es = (0,0,0,0,0,1) € R®, J is given in (8), and C by (9). Recall that
K, @, and IT correspond, respectively, to the kinetic energy density, the bending energy density, and the potential energy
density. The bold face letters are the images of light faced letters under the standard isomorphism se(3) = R® given by

58(3) = 50(3) x R? 3 ((U, ')))'—)(w, ‘y) € R67 W= W, y=7,

where @v := @ x v for any v € R>. In the expression above, we have used this isomorphism when we wrote # — E¢ to mean
17— (0,(0,0,1)) € s0(3) x R®. The dual se(3)" is identified with R® by using {(u,v), (»,7)) = p- @ +v -y for any (w,y) € se(3).

Using the above isomorphisms of se(3)* and se(3) with R®, the map J : se(3) — se(3)" is the linear operator on R® with
matrix in the standard basis equal to

Lo ®

where M € R is the mass by unit of length of the beam, I; is the identity 3 x 3 matrix, and J is inertia tensor. Similarly, the
linear operator C : se(3) — se(3)" encodes the potential interaction which, under the isomorphisms of se(3)” and se(3) with
R®, has matrix in the standard basis equal to

-[5.2)

where C;, C, are defined in (5).
The Covariant Hamilton Principle becomes in this case

T L
5 /0 /0 (K(¢) — ®(n) — TI(g))dsdt = 0, (10)

for all variations 6g of g, vanishing at the boundary. It yields the trivialized covariant Euler-Lagrange equations,

d oK LK d oD 00 ol

dt oz %o Tdsan o og a

where ad::g"—g° is the dual map to ad;:g—g,ad:y:=[¢#n). In the case of G=SE3), we have
adz‘w_w (u, v)‘: —(wx p+7yxv,mxv). We refer to [8] for a detailed derivation of these equations for the beam.

External forces. External Lagrangian forces are added by using a covariant analogue of the Lagrange-d’Alembert principle.
Namely, denoting the force density by §(g, ¢, #) € T,G the principle is

T L T L
5 /0 /0 (K(2) — ®(n) — T1(g))dsdt + /0 /0 F(g. &, m)ogdsdt = 0, (12)

for all variations dg vanishing at the boundary. The resulting equations correspond to (11) with the term g1 &(g, &, ) added
to the right hand side.

3. Covariant variational integrator

We next develop the discrete variational counterpart of the continuous covariant beam formulation. The first step is to
perform a space-time discretization which is accomplished in a unified way by regarding displacements in both space
and time as Lie group transformations. A discrete covariant variational principle is then formulation based on this discret-
ization. Finally, a structure-preserving integrator is obtained and the details of its implementation are provided.
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3.1. Space time discretization

Spacetime discretization is realized by fixing a time step At and a space step As, and decomposing the intervals [0, T| and
[0,1] into subintervals of length At and As, respectively. We denote by j € {0,...,N} and a € {0, ...,A} the time and space
indices, respectively. The discretization of the spacetime domain is based on a triangular decomposition (Fig. 1), where a tri-

angle Al is defined by the three pairs of indices
Aj;:((jva)v(j+17a)7(j7a+1))7 j:01---7N7‘17 a:07---7A71

Small displacements in both space and time will be represented using Lie algebra elements with the help of a map

T:g — G which is a local diffeomorphism around the origin that satisfies 7(0) = e. The discrete convective velocities g“{]
and the discrete convective strains 1}, are defined then by T(ZAt) = (g)) g and T(iAs) = (gh) 'g,,,. In our case,
& = (of,yd) and nj = (Q},T)).

The action functional associated to the Lagrangian density (7) is approximated on the square
((J,a),(j+1,0),(j,a+1),(j+1,a+ 1)) by the discrete Lagrangian L4 : X; x G x g x g — R given by

La(6].81,E4:md) = AtASK(&]) — AtAs[@(n]) + T1(g])], (13)

where X} denotes the set of all triangles  in spacetime [0, T] x [0, L].

Remark 3.1. The domain X x G x g x g of the discrete Lagrangian is understood as the trivialization of the discrete first jet

bundle. It is the discrete analogue of the first jet bundle J'(X x G) — X x G, which is the domain of the continuous Lagrangian
density. We refer to [15] for the detailed description of discrete jet bundles.

3.2. Analogue of the Cayley map for SE(3)

In what follows we shall work with the Cayley map as an approximation of the exponential map. First, we briefly recall
the Cayley map for the rotation group SO(3). Recall that the Lie algebras (s0(3),[,]) and (R?, x) are isomorphic via the map
50(3) > w - w € R® given by wp := w x p for all p € R®.

The classical Cayley map cay : so(3) — SO(3) is defined by

cay(o) := (I 7%)71 (1 +%) ~ 1L +ﬁ (w +w72> (14)

The Cayley map is invertible on the set of all matrices A € SO(3) which are not rotations by the angle 4-7; the formula for the
inverse is [22, formulas (10), (11)]

cay!(A) 2 o (A—AT) =2A-L)A+L) (15)

T1+Tr
note that 1 + Tr(A) = 0 if and only if A is a rotation by the angle +m.
The Rodrigues formula for the exponential of a matrix w € s0(3) (see, e.g., [14, formula (9.2.8)])

. Nk
o _ sin ||CO|| 1 SlnT 2
e’ =13+ o] w+2 Hzﬂ w

and (15) give a precise relation between the exponential and the Cayley maps, namely

(j+l,a-1) (j+1,a)

(j,a-1) (j.a) (j,atl)

(-1,a) (j-l,at1)

Fig. 1. The triangles &}, al!, o)

a-1°*
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2sin|jo|| tan 12l

—1 /0

cay  (e”) = =— Hz
|[[(T + cos [|e]]) =

which shows that these two maps are indeed close in a neighborhood of the origin of s0(3).
For a general Lie group, given a local diffeomorphism y : ¢ — G, we denote by dy.. : g — g the right trivialized (or logarith-

mic) derivative of i at ¢ € g, defined by dy (1) = (Tap(m)(E)~", where Tap : g — Ty G is the usual differential (tangent
map) of ¢ at ¢ € g. We compute now the right logarithmic derivative for cay : s0(3) — SO(3). For w, éw € s0(3) we have

I —%)71 %U(cay(w) +I) = <13 7%)450)(& - %)71

and hence (dcay,)*" : s0(3) — s0(3) have the expressions

T,cay(dw) = (

deay, (00) = (- 2) "o (1, +2)

(dcay,) ' (5m) = (13 - %) S (13 n %)

It is useful to regard (dcay,,)*' : R> — R>. A lengthy direct computation using the first formula in (16) proves the first equal-
ity below (which recovers the one in [12, Section VI(A)]) and the second is an easy verification from the first:

(16)

2
cay, =———Q2k +w)
4+ o] (17)

o 1 1 T
(dcay,) =1 50+ 400

where o € s0(3).
We need similar formulas for the Lie group SE(3). The computations are simpler, if we embed the special Euclidean group
SE(3) c SL(4,R) and its Lie algebra se(3) c sl(4, R) by

A r w Yy

SE(3) > (A1) — [OT 1 o' 0} € sl(4,R). (18)
This allows us to work with SE(3) as a group of matrices. The usual way to define a Cayley map for SE(3) is to imitate the
classical formula, that is, to define the map 7 : se(3) — SE(3) by (see [22, Section III])

1w y1\" 17w yD cayo (b-2)"'y [a) y} 2 {w yr
= (-5 L+ = 2 =1 S
T(w,y) (4 2{01 0}) <4+2{01 0 o’ ] 4+ o 0 4+Hw‘|2 o 0
+—1 {a; yr: 4+Htuuz (430 + 300y ;
4+ o> L0" 0 o’ 1

} €SL(4,R), se(3)> (w,y)— {

cayw
(19)

the third equality is obtained from the formula

[w vr: ~lolfo vy
0 o 0’ 0|

The map 7 is invertible on the set of all elements (A,r) € SE(3) for which A is not a rotation by the angle +m, namely
cay '(A) 2A+L)'r| S[A+E)T 0 {A— I; r] B 72<1 . {A rD*1 (1 - [A rD
- oo 1|l o o “"Tlo 1 o

0’ 0
as a direct verification shows (see [22, formula (21)]).
Finally, we compute the right logarithmic derivative of 7. Proceeding as in the case of the Cayley map but using (19), we

get
1w y]\ '[éw oy 1w 1\
Twyt(ow,oy) = <l4 ) {01 0}) {01 0 } <I4 ) |:0T 0})

and hence

1w Trow 17w -
N R N R4 )

@) o= (w3 [0 W) o T)(gfer 3]) = [y o Goderionean

AT =
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Viewed as an operator (d T((,)‘y))fl (R x R® — R® x R?, the 6 x 6 matrix of this linear map has the expression (in agreement
with [12, Section VI(C)])

_ L-lo+loo’ 0

dTwy) ' = 20T : 20

Wron) = s -opy 1o .

Since we are using the pairing (i, %), (®,7) = u- ® + i1 -y between se(3) ~ R® x R® and its dual se(3)" ~ R x R, the matrix
of ((d tm,_y))’l)x is the transpose of (20).

These formulas are used in the implementation of the numerical algorithms that we shall develop in the rest of the paper.

3.3. Discrete covariant Hamilton principle

The discrete covariant Euler-Lagrange equations (DCEL) are obtained from the Discrete Covariant Hamilton Principle

N-1A-1

8N > La(t), & Em) =0, (21)

j=0 a=0

for arbitrary variations of g vanishing at the boundary. This is the discrete version of the variational principle (10).
The variations of & and 7, induced by variations of g} are computed as

08, = du Ly (~Ch+Ad, g &) /AL,
oty = dul (<8 + Ad g &y ) /A,

where & = (g{;)flég{]. Here Ad,¢ and Ad, . it denote the (left) adjoint and coadjoint representations of G on g and g, respec-
tively, where g € G, ¢ € g, and u € g*. For example, if G = SE(3), which is the Lie group used later on in the numerical algo-
rithm for the beam, the concrete expressions for the adjoint and coadjoint actions are

Adan(@,7) = (Aw, Ay + 1 x Aw),  Ad, 1 (1,V) = (AH+T X AV, Av). (23)

(22)

Returning to the general case, using the notations
16, = (dr;g%) aix(a;) and /= (dr;sl g ) 0,0 (1), (24)
a direct computation shows that when arbitrary variations are allowed, (21) yields

1 ; . o 1 c -1 ; .
E(7%+Adr(m5"a’l):‘ﬂal)+xs(;] Ad; A, P )*(gja) D, I(g,) =0, forallj=1,....N-1, and a

—1,.. A1, (25)
1 i1 i .

( ,u’o—&-AdT(M ,u’o ) —/1’ =(gp) Dg,vul'l(g’o), Ad s, | AA ; =0, forallj=1,... N-1, (26)

uu+l(;° Ad g 1 701) = (89) " Dg TI(gD), —Ad a1 =0, foralla=1,...,A-1, (27)

1 5. 15 0\~1 0
~arto +B)~o = (&) Dggn(g0)7

1, . _
EAdT(Afig U,l,tg 1= 07 (28)
1, .
— 1A dasg 1241 =0.
Egs. (25), are associated to the interior variations g}, j=1,....N—1, a=1,...,A— 1. Eqs. (26)-(28) are associated to the
boundary variations 5g’, forj=0,j=N, a=0,...,Aorforj=0,...,N, a=0, a = A. We refer to the Appendix for the expli-

cit expressions of Eqs. (24)-(28) for the case G = SE(3). We thus obtain the following result.

Proposition 3.2. Given a discrete Lagrangian L4 : Xj x G x g x ¢ — R and a discrete field g, = {g{,}, the following conditions are
equivalent.

(i) The Discrete Covariant Hamilton Principle

N-1A-1

63> Lalthgh ) =0

j=0 a=0
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holds for arbitrary variations of 3¢, vanishing at the spacetime boundary: j = O,N, and a = 0, A.
(ii) The discrete field g, satisfies the DCEL equations

1 i * j 1 j * 2j i~ i .
AL (*#’a +Adf<mg;1)ﬂf‘) s (% - Adm,ﬂf])ﬁﬁ_l) - (80) ]D%Ud(gfa) =0, forallj=1,....N-1, anda
=1,...A-1. (29)

Remark 3.3 (Discrete versus continuous equations). Note that the terms

1 . . i1 1/, . Jj
= (1~ Ad s ") and = (% -Ady gy i)
in the discrete Eq. (25) are, respectively, the discretization of the terms

iaK—ad*&—K and i@—a*@
dt o¢ < o¢ ds on Ton

of the continuous Eq. (11). This reflects the covariant point of view we have used to derive the discrete equations of motion,
namely, that the variables t and s are treated in the same way, so that discrete velocities and discrete gradients are approx-
imated in the same geometry preserving way.

Remark 3.4 (Boundary conditions). For simplicity we have considered above only the case when the configuration is fixed at
the spacetime boundary, so that all variations vanish at the boundary. However, it is important to note that, as in the con-
tinuous case, if the configuration is not prescribed on certain subsets of the boundary, then natural discrete boundary con-
ditions emerge from the variational principle. These are the discrete zero-traction boundary conditions (at the spatial
boundary) and the discrete zero-momentum boundary conditions (at the temporal boundary), obtained from (26)-(28).
We refer to [7] for a detailed treatment.

Remark 3.5. As it is usually done, and in a similar way with the continuous setting, the discrete equations are obtained by
formulating the Discrete Hamilton Principle for a boundary value problem: the field is prescribed at the boundary of the
spacetime domain. We will, however, solve these equations as initial value problems.

First, we will assume that the initial configuration g(0, s) and initial velocity 9;g(0, s) are given, and we compute the time
evolution of the beam. In the discrete setting, this means that g° = (g9,...,£%) and g! = (g},....g}) are given and we solve
forgl, i=2,...,N.

Second, we will assume that the evolution and the deformation gradient of an extremity (say s = 0) are known for all
time, i.e., g(t,0) and 9sg(t,0) are given for all t € [0, T]. We want to reconstruct the dynamics g(t,s) in space for all s. In the
discrete setting, this means that g, = (g3,...,g)) and g, = (g9,...,gY) are given and we solve for g,, a=2,...,N.

3.4. External forces

External forces can be easily included in the discrete equations by considering the discrete analogue of the covariant La-

grange-d’Alembert principle (12). The discrete Lagrangian forces are maps Fft X4 xGxGxG—TG, k=1,2,3, with
Fy(nh. g gt g ) € T,G, Fa(nh, ghgh ', 8)) € TynG, Fi(n. g8 g, € T;‘MG' which are fiber preserving. Let

fk:X5 xGxgxg— Gx g be the trivialized Lagrangian forces.
The discrete covariant Lagrange-d’Alembert principle is
N-1A-1 S N-1A-1 S o
OS> L0l Gy tth) + DY ACAS (1 (),8h, 1), (8h) 08D

j=0 a=0 Jj=0 a=
. . . . . -1 . . . . . ; -1 .
H(P (00,8 &), (801) 08l + (P (8h, & &0 1), (81) 5gfa+1>} =0,
for arbitrary variations of g} vanishing at the boundary. It yields
1 i * i 1 i * af iv—1 i i i i i i oj— i
At (_:“Ia + Adr(Até’JJ 1 ]a 1) +B ()“ja - Adf(As;nyQ’%—]) - (gju) Dggnd(g]a) +f] (A]mgjaﬂ gjm rfla) +f2(Aja 17 ja ]7 Cja lvi/flu ])

+f3(A{1—1 7g{7717 6{771 ’ 17{171)
= 07

forallj=1,....N—-1,anda=1,... A—-1.
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3.5. Time-stepping algorithm

The complete algorithm obtained via the covariant variational integrator can be implemented according to the following
steps.

Time Integrator

Given: g &' il fi. fora=0,...,A,

Compute :
i %f" (&) "ghr).
L= (dz,) ) 00,
.UJ AdrmJ ! /‘] !

(—A +f£). fora=0,
+
h( ( Ad*m, A )+fa) fora=1,...,.A-1,

Solve the discrete Legendre transform : ,u{] = (dr&}a ) 0:K (da) for i{,

Update : git! :gfar(hg’f;).

We obtain g;' through the boundary condition Ad’ . | AA !, = 0 as defined in (26). Note that, for clarity, we have denoted

the total external force at point (a,j) by fi. The algorlthm requires the implicit solution of the Legendre transform which is
locally invertible for an appropriately chosen time-step. The rest of the update is performed explicitly.

Through the proposed unified space-time description it is now possible to study the symplectic-momentum preservation
properties of the algorithm in both space and time directions. This is accomplished by developing a discrete analog of Noe-
ther’s theorem as follows.

4. Discrete momentum maps and Noether theorem

Recall that for the discretization of standard (i.e., based on trajectories evolving in time) Lagrangian mechanics, the tan-
gent bundle TQ is replaced by the Cartesian product Q x Q. Given a discrete Lagrangian function L; : Q x Q — R, the discrete
Legendre transforms are the two maps

Flj:QxQ—TQ, FLi(¢.¢"") =-Dilu(d.¢"")
FLi(¢,¢"") = DoLa(@, @),
The discrete Euler-Lagrange equations can be written as
FLi(@ ', ¢) = FLy (@, @)

Given a Lie group action, the discrete momentum maps are defined analogously to the continuous expression (2), namely
J,QxQ—g. (JL@.d).¢) = (FLid.¢ ) &), Vee. (31)

If the discrete Lagrangian is G-invariant, then the two momentum maps coincide, j[d =J;, =:],,, and ], is conserved along
the solutions of the discrete Euler-Lagrange equations.

With this is mind, we will next construct more general Legendre transforms and associated momentum maps which ex-
tend to the space-time domain.

(30)

4.1. Discrete covariant Legendre transforms

In the present covariant discretization of Lagrangian mechanics, it is natural to define three Legendre transforms
F*Cq: X5 x Gx GxG— TG, k=1,2,3 associated to a discrete Lagrangian £4 = L4(2}, 2,80 . &, ), defined in an analogous
way to (30), namely

FLa(n), gl gi. 8, 1) = (8(K), OguoLa(2))) € TypG, k=1,2,3,
where g(1) = gh, g(2) =gl'", g(3) = &,.+- o
In terms of the discrete Lagrangian L4 = Lq(2h, 84, &, 1a) in (13), the corresponding discrete Legendre transforms
F¥Cq: X5 xGxgxg—Gxg', k=1,2,3, are

F La(0,8hs Eho1h) = (8l — st + At — AtAs(g)) Dy Ta(g)) ),
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2 i ol 4 piy— (gitl T
F Ed(Aa’ga‘rga’%) - <ga *ASAdr(At;JG):ua»

[F3['d Aj av éav % <ga+17 —AtAd; T(Astl) )
We note that the CDEL Eqgs. (25) can be written as
F' Ca(th, 8hy o tth) + P La(8l 81 80 ) + PLa(tl 1 8oy Sy May) = 0.

4.2. Discrete covariant momentum maps

In order to study the integrator preservation properties, we consider symmetries given by the action of a subgroup H c G
acting on G by multiplication on the left. The infinitesimal generator of the left multiplication by H on G, associated to the
Lie algebra element (€0, is expressed as (;(g)={_g. The three discrete Lagrangian momentum maps
]’Zd : X3 xGxgxg—b, k=1,2,3, are defined, analogously to (31), by

(It (0580 Ehs1h). ) = (FLa(0h, 8, Ehth), (800D 'Celg(k))), C e,

where, as before, we use the notations g(1) = g, g(2) =g}, and g(3) :g{lﬂ. Moreover, F¥Z, is seen as an element of
g = (G x g*)/G. For the discrete Lagrangian £, in (13), these momentum maps are

Tt (84 Gt = 1A (_Aswa+Amf'a—AtAs( {,)’]Dgénd(g{,)),
S, (S Soot) = A, 1 (ASAGS 1), (32)
2. (sl {,,%)—:Adﬂ H(~AtAd g 7).

where i" : g — b* is the dual map to the Lie algebra inclusioni: b — g.
The discrete Noether theorem follows from the invariance of the discrete action under the left action of a Lie group H. In
order to obtain the associated conservation law, we shall proceed exactly as in the continuous setting. The variations of g,

+1

induced from this action are ég}, = (g}, where { € bj; we thus get (g,) g, = Ad(g, ),lc. Assuming H-invariance of the discrete

covariant Lagrangian £; and assuming that the discrete Euler-Lagrange equations are satisfied, we get (from similar
computations that lead to (25)-(28), the discrete version of the global Noether theorem: for all
0<B<C<A-1,0<K<L<N-1, we have the conservation law

Iega) =0, (33)
where,
I5c(8)
=]_Kiﬂ (2, (85 + 2, (85 + 12, (80) + Z (JE, (05) + 72, (0] + T2, (85.)) + L, (85) + T2, (8)
+12,(80). (34)

where we have abbreviated J}. (4%, g4, &, 1) by J}, (&%)

Notation. From now on, in order to simplify notation, we shall adopt this abbreviation, i.e., ]’Zd(A{I) ::]’Zd(A{,,g{l, 5{,, rﬂ,).

4.3. Symplectic properties of the time and space discrete evolutions

In this subsection, we shall verify the symplectic character of the integrator in both time and space evolution. This is
achieved by defining, from the discrete covariant Lagrangian density £, two “classical” Lagrangians, namely one associated
to time evolution and one associated to space evolution, as done in [7].

The time-evolution and space-evolution Lagrangians are defined, respectively, by

g] éj Z['d {176{1771{1) and Nd ga 'Ia . Zﬁd a7éa7 a) (35)
where g = (g},....g}) and g, = (g0,-...&}).

It can be verified that the discrete Euler-Lagrange equations for both L; and Ny are equivalent to the covariant discrete
Euler-Lagrange Egs. (29) for £,. For this verification, one has to take into account the boundary conditions involved in the
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problem. For example, concerning L4, boundary conditions in time can be treated as usual by allowing (or not) variations at
the temporal boundary. However, if boundary conditions are imposed at the spatial boundary, then one has to incorporate
them in the configuration space of the Lagrangian Ly and, as such, they have to be time independent. The same comments
hold for N4 with the role of time and space reversed. We refer to [7] for a detailed discussion.

From this discussion, and from the general result that discrete Euler-Lagrange equations yield symplectic integrators
(see, e.g., [16]), it follows that both discrete flows g/, j=0,...,Nand g,, a =0,...,A, are symplectic. Here again, the space
on which this symplecticity occurs depends on the boundary conditions assumed. These two flows correspond to the dis-
crete time and the discrete space evolutions associated to the discrete field g}, j=0,...,N,a=0,...,A, respectively.

Furthermore, if £, is H-invariant, then both Ly and N, inherit this H-invariance. Adapting the general formula (31) to the

trivialized Lagrangians L; and Ng, we get the discrete Lagrangian momentum maps Jfa :SE(3)* x se(3)* - b* and

B, : SEB3)" x se(3)" — b’

A-1 A-1

I8 8) = = (T () + 12, (60), (8.8 = )2, (ah), (36)
a=0 a=0
N-1 N-1 )

T (@att) = =3 (UL, (D) +12,(80)). 1, (@artl) = D_J2,(20): (37)
j=0 j=0

However, from this fact, one cannot conclude that J,, and J,, are necessarily conserved by the discrete dynamics. Indeed,
as discussed earlier, the imposition of boundary conditions can break the H-invariance since the space on which Ly, Ng have
to be redefined is no longer H-invariant. We refer to [7] for a detailed account. Such a phenomenon is not surprising since it
already occurs in the continuous setting. In the discrete setting, it is explained via the following lemma that relates the
expression of the covariant and classical discrete momentum maps.

Lemma 4.1. When B=0and C=A—1,0or K=0and L = N — 1, we have, respectively

a1 80 = D (T (o) + 7, (b ) +J2,(8h 1) + )i, (85 8) ), (85 &9 (38)
j=K+1
C
BE) = D (T (o) + T2 (a8 I3, (40.1)) + 3, (8 ) — i, (85 115 (39)
a=B+1

From this result, we deduce the following theorem that explains the dependence of the validity of the Noether theorem
for £4, Ly, and Ny on the boundary conditions imposed.

Theorem 4.2. Consider the discrete Lagrangian density £, and the associated discrete Lagrangians Ly and Ny as defined in (35).
Consider the discrete covariant momentum maps ]’Zd (see (32)) and the discrete momentum maps de, Jﬁd (see (36) and (37))
associated to the action of H. Suppose that the discrete covariant Lagrangian density L4 is H-invariant. While the discrete covariant
Noether theorem g% B C(gd) 0 (see (34)) is always verified, independently on the imposed boundary conditions, the validity of the
discrete Noether theorems for de and Jﬁd depends on the boundary conditions, in a similar way with the continuous setting.

More precisely, if the configuration is prescribed at the temporal extremities and zero-traction boundary conditions are used,
then the discrete momentum map J, :de = Ji, is conserved. In general, conservation of Jﬁd does not hold in this case.

If the configuration is prescribed at the spatial extremities and zero-momentum boundary conditions are used, then the discrete
momentum map Jy, :md =]y, is conserved. In general, conservation of]fd does not hold in this case.

5. Numerical examples

The covariant variational integrator derived in this paper stems from a unified geometric treatment of both time and
space evolution. As a result, the integrator has analogous preservation properties in time and space. It is multisymplectic
and verifies the discrete covariant Noether theorem. In addition, under appropriate boundary conditions, it is symplectic
in space or in time and preserves exactly the discrete momentum maps associated to space or time evolutions.

We shall illustrate these properties by considering first the usual initial value problem for beam dynamics, namely, the
case when the position g(s,0) and velocity 9,g(s,0) are given at time t = 0, for all s € [0,L]. Then, by switching the role of
space and time variables, we will attempt to “reconstruct” the spatial motion of the beam starting with the spatial boundary
condition (at node 0) computed over the time interval [0, T] and evolve it in space towards node A.

In addition, we consider the inverse problem, i.e., to spatially integrate the trajectory from the knowledge of
£(0,t), 0:g(0,t), at the extremity s = 0, for all t € [0, T]. We can then compare the computed global motions depending on
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whether the integration is performed first in time and then in space, or vice versa. The following terminology is used to
clarify these points:

o time-integration and space-reconstruction: the case when standard time-stepping is performed first, after which the
obtained time trajectory of node a = 0 is used as an initial condition for “reconstructing” the full spatial motion towards
node a = A.

e space-integration and time-reconstruction: the case when the time-trajectory of node a = 0 over the interval [0, T] is given
as a boundary condition and used to spatially evolve the motion. After that, the trajectory of the beam at t = 0 is recon-
structed in time towards time t = T.

We next analyze the behavior of these schemes through numerical simulation and computation of their motion invari-
ants, i.e., the discrete energy and discrete momentum maps defined next.

5.1. Discrete Lagrangian

Given is the discrete Lagrangian defined in (13), on a triangular mesh. In the case of the beam, the discrete Lagrangian
Lg : MM x M = R is given by

S 1{AtAsK &) — AtAs[D() + H(gja)]} (40)

a=0
and the discrete Lagrangian Ng : MM*' x MM — R by

N-1

Na(8q: Ha) = Z{AMSK(Q) — AtAs[®(nf,) + T1(g})] } (41)
=0
Since &Y' = ¢! ((g”*l)’lg{f) /At and the nodes (N, a) lie outside of the domain, we impose K(¢¥!) = 0. Thus, (24) implies

that the second set of zero-momentum boundary conditions Ad;,.x-1, 4y~ = 0 in (27) are verified. So, for the spatial evolu-
tion, we impose the zero-momentum boundary conditions at t = 0 an t = T and the algorithm consists hence of (25) and the
first set in (27). As a consequence of Ad -1 (" = 0, in the algorithm (25) we have uf~' =0, so for j = N — 1, we get

iAd;(At;’Q”Z)M572 + é (’12’4 - Ad*‘[(Astﬂ:‘]);“flV:]]) = (glavfl)ingg' (g ),
foralla=1,...,A—1.

In the same way, since 17, , = 7! ((g’,;])flgﬂ‘)/As and the nodes (j,A) lie outside of the domain, we impose ®(&, ;) = 0,
so, in view of (24), the second set of zero traction boundary conditions Ad;(Asﬂl)iqu = 0in (26) holds. Thus, for the temporal
evolution, we impose the zero traction boundary conditions at s = 0 and s = L. The algorithm consists hence of (25) and the
first set in (26). As a consequence of Ad’ sy, A1 = =0, in the algorithm (25) we have /11 ,=0,s0fora=A-1, we get

. « .7‘1 « s : ,’l .
At (7/’44—1 + Adr(Ar;{Q)/"AA) - KSAdr(A51ﬂ72)j']/\—2 = (&4 1) ngH (g 1),
forallj=1,...,.N—-1.
5.2. Evaluation criteria: discrete momentum and energy preservation

Recall that since the discrete Lagrangian density £, of the beam is SE(3)-invariant (see (13)), the discrete covariant Noe-
ther theorem is verified, i.e., jB L(gq4) = 0, see Theorem 4.2. Recall also that the conservation of the discrete momentum maps
J,, and ], depends on the boundary conditions.

These conservation laws follow from the following particular cases of the covariant discrete Noether theorems, namely,
Jo4 1(8s) =0and 73" (g,) = 0; see (38) and (39).

We shall now consider the energies associated to the temporal and spatial evolutions. The standard continuous time-
evolving energy is defined by

L
Eu(g.) = /0 (K(2) + B(g~'0,g) + T1(g))ds

and hence the corresponding discrete energy E,, evaluated on the discrete time trajectory g',...,g"~! has the expression
o A-1 . A-2 ) ) X
EL(g.g"") =D K(E&)+ D (P0r) +T1(gh) +T1(g) ;). (42)
a=0 a=0

Please cite this article in press as: Demoures F et al. Multisymplectic Lie group variational integrator for a geometrically exact beam in R>.
Commun Nonlinear Sci Numer Simulat (2014), http://dx.doi.org/10.1016/j.cnsns.2014.02.032



http://dx.doi.org/10.1016/j.cnsns.2014.02.032

F. Demoures et al./ Commun Nonlinear Sci Numer Simulat xxx (2014) XxxX-xxx 13

On the other hand, the continuous “energy” evolving in space is given by

T
En(g.1) = | (~Kig'0:@) — (C0n ~ o). Es) — 0) + T1(g))d,
where C is the strain matrix (9), while the corresponding discrete energy Ey, is

R ZK Z Es), Es) — D(1,) + TT(g})) — 5 (CO] o), Bs) — ®(10) + TI(gY)

-5 (C(ﬂ'av’] —Eg) Es) —0(y ). (43)

The symplecticity in time and in space of the discrete scheme obtained by discrete covariant Euler-Lagrange equations
was studied in detail in [7]. The discussion depends on the boundary conditions considered and parallels the situation of the
continuous setting. As a consequence, if the continuous energy E,, resp., Ey, is preserved (which depends on the boundary
conditions used), then the discrete energy E,, resp., Ey,, is approximatively preserved (i.e., it oscillates around its nominal
value) due to the symplectic character of the scheme. The situation is summarized in Fig. 2 below.

5.3. Time-integration and space-reconstruction

The situation treated here corresponds to an usual initial value problem, namely, we assume that the initial configuration
and velocity of the beam are known. We assume that the extremities evolve freely in space, which corresponds to zero-trac-
tion boundary conditions

(I'—E3)l0=0, ('-E3)l;;, =0, Q0)=0Q(L)=0. (44)

In Section 5.4 we shall consider a different initial setting.

Consider a beam (Fig. 3) with length L = 1m and square cross-section with side a = 0.01 m that is free of tractions and
body forces. A mesh size of As = 0.1 and time step At = 0.0005 are chosen with total simulation time T = 3 s. The beam
parameters are set to: p = 10° kg/m3, M = 10" kg/m, E = 5.10° N/m2, v = 0.35.

We first consider the time-integration of the beam followed by space-reconstruction.

Time evolution. The initial conditions are given by the configurations g2 = (A2, r%) and the initial speed ¢ = (Q°,T?) at
time t = t° for all positions sy, .. .,ss. Given 7 as defined in (19), we choose

g =(1d,(0,0,0)), g%, =g2t(Asn?), foralla=0,...,A-1,
where #9 = (1,1.5,1,0,0,1), foralla=0,...,A—1, and

= A1t ((ga) 1g}1), foralla=0,...,A—1,

where g} = (1d,(0,0,At)), and g!,, = gl t(Asn}), for all a=0,...,A— 1, with 5! = (1.004,1.52,1.005, -0.01, 0, 1). For this
problem, the discrete zero-traction boundary conditions (i.e., the discrete version of (44)) are imposed at the two extremities
of the beam. The implemented scheme is (25) with boundary conditions (26) at the extremities.

The algorithm produces the configurations g',...,g"~!, where g = (g}, ...,g,_,), plotted in Fig. 4 below.

Energy behavior. The above DCEL equations, together W1th the boundary conditions, are equivalent to the DEL equations
for Ly(g/, &) in (40); see the discussion in Section 5.1. In particular, the solution of the discrete scheme defines a discrete sym-
plectic flow in time (g, &) — (g/*!, &*"). As a consequence, the energy E., (see (42)) of the Lagrangian Ly associated to the
temporal evolution description is approximately conserved, as illustrated in Fig. 6 left, below.

Momentum map conservation. Since the discrete Lagrangian density is SE(3)-invariant, the discrete covariant Noether the-
orem #5%(gy) = 0 is verified; see Section 4.2. Since the discrete Lagrangian L4 is SE(3)-invariant, the discrete momentum
maps coincide: J/ = J; = Ji,, and we have

), (g.8) = ZAsAd e

Algorithm Momentum Energy behavior Global Noether
Time-integration de exact EL, approx. pres. exact
Space-Reconstruction J:Ntd not preserved | Ey, not preserved exact
Space-integration Jﬁd exact En, approx. pres. exact
Time-Reconstruction Jfl not preserved | E_, not preserved exact

Fig. 2. Summary of algorithm preservation properties using the boundary conditions (26)-(28).
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Fig. 3. The geometrically exact beam model defined by the position r € R* of the line of centroids and by the attitude matrix A € SO(3) of each cross section.

s=om
s=om
s=om s=om s=om s=1m
s=1m
s=1m

Fig. 4. Each figure represents the space evolution g/ = {gh, a =1,...,A} with s, = 1m, at a given time evolution t of the beam. The chosen times correspond
tot=0s,0.1s,0.2s,0.3s, 0.5s.
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Fig. 5. Left: total energy behavior E,,. Right: relative error (E, (f) — Ey,(t))/E., (t°). Both, during a time interval of 3 s.
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Fig. 6. Conservation of the discrete momentum map J,, = (J',...,1%) € R®,
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Fig. 7. Integration can be performed either in time-direction g' — --- — gV~ (left) or in space direction g, — --- — g,_, (right).

t=0s

t=1s

Fig. 8. From left to right: space-reconstruction of the trajectories in time of the beam sections at s = 0.1m, 0.5m, 0.8 m, 1m.

see (36) and (32). In view of the boundary conditions used here, it follows that the discrete momentum map J,, is exactly
preserved as illustrated in Fig. 6 right, consistently with Theorem 4.2. This can be seen as a consequence of the covariant
discrete Noether theorem f’gjq(gd) = 0. We also checked numerically that the discrete covariant Noether theorem (33)

is verified. For example, for B=K=0, C=A-1, L=N -1, we found
N-1 . )
* g * J _Ad* N-1 * 0) _
Z;At(Ad(g{) 7 Ad(ggil),l;ﬂf]) + s Adjgy 11ty + Ad g ) =0,
]:

up to round-off error.

Reconstruction. The above computed time evolution provides a set of configurations g',...,g"~! for the duration of 1s.
Repackaging these results to emphasize spatial evolution yields gy, ...,8,_;, where g, = (g2,...,gN"1) (see Fig. 7). The actual
reconstructed motions are shown in Fig. 8.

5.4. Space-integration and time-reconstruction

The problem treated here corresponds to the following situation. We assume that we know the evolution (for all t € [0, T])
of one of the extremities, say s = 0, as well as the evolution of its strain (for all ¢ € [0, T]). We also assume that at the initial
and final times t = 0, T, the velocity of the beam is zero. This corresponds to zero-momentum boundary conditions. The spa-
tial configuration of the beam at t = 0 and t = T is, however, unknown. The approach described in this paper, that makes use
of both the temporal and spatial evolutionary descriptions in both the continuous and discrete formulations, is especially
well designed to discretize this problem in a structure preserving way.
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Note that we do not impose the zero-traction boundary conditions (44).

5.4.1. Scenario A

In this example, the mesh is defined by the space step As = 0.05 and the time step At = 0.05. The total length of the beam
is L=08m and the total simulation time is T=10s. The characteristics of the material are:
p =10*kg/m3, M =10 'kg/m, E = 5.10°N/m2, v = 0.35.

Space-integration. The initial conditions are given by the configuration g, and the initial strain #, at the extremity s = 0.
We choose the following configuration and strain:

g5 = (1d,(0,0,0)), g' =ght(At&), forallj=0,....N-1,
where & = (0,-2,0,0,-0.1,0), forall j = 0,...,N — 1, and

. 1 PN X
%:A—Sf’l((g’o) g’l)7 forallj=0,...,N—1,

where g? = (1d,(0,0,As)) and g/"! = &, t(At&), for all j=0,...,N — 1, with & = (0.007, —1.998, —0.007, —0.08, —0.1,0), see
Fig. 9. For this problem, the discrete zero-momentum boundary conditions are imposed. The implemented scheme is (25)
with the boundary conditions (27) at the temporal extremities.

The algorithm produces the displacement in space g;, . .., g, which, in this example, corresponds to the rotation of a beam
around an axis combined with a displacement like an air-screw, see Figs. 10 and 11.

Energy behavior. The above DCEL equations, together with the boundary conditions, are equivalent to the DEL equations
for Nq(g,,11,) in (41); see the discussion in Section 5.1. In particular, the solution of the discrete scheme defines a discrete
symplectic flow in space (g,,1,) — (84,1, H4,1)- AS a consequence, the “energy” Ey, (see (43)) of the Lagrangian Ny associated
to the spatial evolution description is approximately conserved, as illustrated in Fig. 12 left, below.

Momentum map conservation. Since the discrete Lagrangian density is SE(3)-invariant, the discrete covariant Noether the-
orem #XL(g,) =0 is verified; see Section 4.2. Since the discrete Lagrangian N, is SE(3)-invariant, the discrete momentum
maps coincide: N, = I, = In,» and we have

N-1
In, (8asty) = ;AtAd(* g{l),lz{];

see (36) and (32). In view of the boundary conditions used here, it follows that the discrete momentum map Jy, is exactly
preserved as illustrated in Fig. 12 right. This can be seen as a consequence of the covariant discrete Noether theorem
jgﬁ’l (g4) = 0. We also checked numerically that the discrete covariant Noether theorem (33) is verified. For example, for
B=K=0, C=A-1, L=N -1, we found

t=0s

Fig. 10. Each figure represents the time evolution g, = {g/,, j =1
tos=0m, 0.3m, 0.55m, 0.8 m.
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Fig. 11. This figure represents the time evolution g, = {gh, j = 1,...,N — 1}, of a given node a of the beam, when t"-! = 30 s. The chosen node correspond
tos=0.8m.
8.5 ; . : 4
—Ey —J
_J
8f 2 T
_Jd
750 1 of ]
Jo
7 -2f
6.5¢ 1 —4f
6 : : - -6 - - -
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
Fig. 12. Left: total “energy” behavior Ey,. Right: conservation of the discrete momentum map J,, = (J',...,J°) € R®. Both, during a time interval of 0.8 s.

A-1
* 0 * N-1 * 50 * 0) _
;As<—Ad<gg) S+ Ad gy ) ) + A (Ad(gg e —Adi, IAO> -0,
up to round-off error.

Remark 5.1. We note, in Figs. 10 and 11, the inappropriate behavior of the trajectory of the section s = 1m at time t = Os and
t = 10s. This problem, which could result in numerical instability for the spatial algorithm at long distances, is the subject of
future work. This problem does not appear in the time evolution.

Time-reconstruction. Of course, the set g;,...,8, ; of time evolutions for each node a=1,...,A — 1, obtained above in
Fig. 10, can be used to reconstruct the set g',...,g"~! of beam configurations at each timej = 1,..., N — 1. The resulting mo-
tion is depicted in Fig. 13.

We note that the discrete energy E,, and momentum maps Jfa associated to the temporal evolution need not be conserved
for this problem, as is already the case in the continuous setting. Their behavior is illustrated in Fig. 14 below, where we
observe periodicity due to rotations.

5.4.2. Scenario B
In this example, we employ a finer mesh with As = 0.02 and At = 0.04. The length of the beam is L = 0.8 m and the total
simulation time is T = 1 s. The characteristics of the material are p = 10°kg/m3, M = 10 'kg/m, E = 5.10*N/m?, v = 0.35.
Space-integration. The initial conditions (g, #,) are shown on Fig. 15. In this example we choose the following configura-
tion and strain:

g0 =(1d,(0,0,0), g =ghr(Atg), forallj=0,....,N—1,

where & = (0,-0.5,0,0,-0.1,0), for allj=0,...,N — 1, and

. 1 o1 .
%:Br]((g’o) gfl), forallj=0,...,N-1,
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Fig. 13. From left to right, and top to bottom: space-integration of the beam sections at times t = 0.1s, 0.3s, 1s, 25, 2.85s, 3.45s, 45, 5.255.
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Fig. 15. From left to right: initial conditions g{] (enlarged), when j € {0,1,2,3,4}.

t=0.s
t=0.s
t=0.s
t=0.s }
t=1.s
t=1.s
t=1.s =15

Fig. 16. From left to right: displacement in space within s =0.2m, 0.4m, 0.6m, 0.8m.
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Fig. 17. Left: total “energy” behavior Ey,. Right: conservation of the discrete momentum map J, = Jr,..., 15,

s=0.8m
s=0.m
\
s=0.m s=0.m f
s=0.8m s=0.8m
s=0.8m 0.8

Fig. 18. From left to right: reconstruction of the trajectories in space of the sections, at times t = 0.165, 0.365s, 0.525, 0.765, 15s.

where g% = (1d,(0,0, As)) and gi"' = g t(At&), for all j=0,...,N — 1, with & = (0.06, -0.499, —0.04, -0.03,-0.1,0). As in
Scenario A, we do not impose the zero-traction boundary conditions. The algorithm produces the configurations
g,...,84 1 depicted in Fig. 16.

As explained in Scenario A above, the discrete “energy” Ey, is approximately conserved due to symplecticity in space, and
the discrete momentum map _md (8,.M,) is exactly preserved. This is illustrated in Fig. 17 below.

As in Scenario A, we checked numerically that the covariant Noether theorem is verified. For example, we have

A-1
> As(—Ad gy 10+ Ad iy, ) + AL (Adfgg g~ Adgy /18> -
a=1 7

up to round-off error.

Time-reconstruction. The above computed space evolution provides a set of configurations g,...,8,_; for the length
s =0.8m. Repackaging this data yields a set of time configurations g',...,g"' for the duration of 1s, where
g = (g{), e ,gf‘H) (see Fig. 7). The obtained spatial trajectories of the sections are depicted in Fig. 18.

Remark 5.2. The time step is set to a fraction of the Courant limit CFL [5], and computed as At = %, where d is the radius of
the largest ball contained in the mesh element and c is the nominal dilational wave speed of the material (function of the

Young modulus and Poisson ratio). In our example, d = As, and ¢ = , /”pz", where 4, u are the Lamé parameters, and p is the

density of the material. So, if the space step As is reduced, then the time step At is reduced. For homogeneous and isotropic
materials, the Lamé parameters are proportional to the Young modulus. So, if the Young modulus increases, then the time
step At decreases.

6. Conclusion
In this paper, we have introduced a discrete spacetime multisymplectic variational integrator counterpart of the contin-

uous covariant beam formulation. We verified, through numerical examples, that the symplectic integrators in time and in
space preserve the momentum maps, and that the energy oscillates around its nominal value.
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We showed that the tests presented in this work validate the general theory developed in [7]. In particular, the global
discrete Noether theorem is always verified and, depending on the boundary conditions used, it implies a discrete classical

Noether theorem in space or in time.
We point out some unresolved issues that will be addressed in future work concerning multisymplectic integrators in

order to get an even more accurate numerical tool. Fig. 5.

(i) Solve the inappropriate behavior of the boundaries at time t = 0 and t = N when the integrator is updated in space, as

noted in Remark 5.1.
(ii) We noted that the integration algorithm performs better in space than in time. Find similar necessary conditions for

the integration in space, as explained in Remark 5.2.

Appendix A. Appendix

In this appendix we quickly explain how to obtain the explicit expressions of Eqgs. (24)-(28) for the case G = SE(3). Recall
that in this case we write g}, = (A/, 1)) € SE(3) and &, = (@}, y{] = (Y FJ € se(3), and we choose the approximation of
the exponential map given by the map 7 : se(3) — SE(3) in (19). Using the formula for ((dr(w,y))’l)* derived in Section 3.2,

we obtain that the discrete momenta ,u{], Afa in (24) read explicitly

I — LAt} + 1A2 o) (@) 0; ' [w’}

j— , , A -
O (b-jatwl)ary, L -jacal| 7k

T .
g I - 1AsQ, +1ASZQ’(Q’) 0; e Q’g
‘ *%(13 *iASQIu)ASFJa 13*%ASQIa rj“

where

[‘ﬂ AT ()AL ) e,

Q T R .
|:1_ja:| A]S <(Aj) Aja+17 (A ) 1(r’a+1 - rja))

Egs. (25)-(28) can be explicitly written for g = se(3), by making use of the formulas

Ad,.

T(At,

. . . T
. L +1Atw) +1AP ol (@h) 0 J[w{]}
e J(b+iatoh)aty  L+iateh| |

. . . T
L+1asQ)+ias2 Q@) 0 o

Ad:, ;A = , , el T,
vl (L +1AsQ))AST, s +1AsQ {F,J

and

<gf')1nf(gf>[ 9, }
R A

for TI(AL, 1)) = (g, 1%).
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