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1 Uncertainty and Lyapunov Redesign
Consider the system [?]
&= f(t,x) + Gt,x)lu+0(t, z,u)], (1)

where x € R" is the state and u € R? is the control input. The functions f, G, and § are defined
for (z,u) € D x RP, where D C R" contains the origin. The functions f,G and § are piece-wise
continuous and Lipschitz in x and u. We assume that f and G are known while § is unknown and
represents the combined effect of model simplification, parametric uncertainty, etc... [?]. When the
uncertainty acts only along control vector fields (the columns of the matrix G) it is said to satisfy
the matching condition, i.e. it matches the controls. The system is in such form. Stabilizing
controls can be designed for this case through the concept of Lyapunov redesign. In the non-
matching case, it is necessary to assume more restrictive assumptions about the bounds of § and
employ recursive techniques such as robust backstepping.
A nominal model of the system is given by

T = f(t,x) + G(t, z)u, (2)

and we assume that a feedback controller v = (¢, z) was designed so that the nominal closed-loop
system

&= f(t,z) + G(t,z)Y(t, x), (3)

is uniformly asymptotically stable.
Assume that the nominal control corresponds to a Lyapunov function V' (¢, z) such that

ar([lzll) < V(¢ z) < ax(llz]) (4)
oV + 0,V - [f(tv$) + G(tvl‘)w(ta IE)] < —043(||:L'H)a (5)

for all z € D and where the functions «; are strictly increasing and satisfy «;(0) = 0 (such functions
are said be class K functions). Assume that for

u=1Y(x,t) + v,
the uncertainty satisfies the bound

18t 2, vt 2) + V)| < plt2) + kolloll, 0 < o < 1 (6)



where p: [0,2¢] x D — R is a non-negative continuous function and specifies the magnitude of the
uncertainty. The idea behind Lyapunov redesign is to augment the nominal control law (¢, x) with
an extra term v € RP which suppresses the uncertainty so that the combined control v = (¢, z)+v
stabilizes the real system .

The closed-loop system now becomes

&= f(t, ) + G, x)(t, z) + Gt, x)[v + (¢, =, (t, 2) + v)]. (7)
The derivative of V' is computed becomes
V=0,V +0,V-[f+G]+ 3,V -G+ <—as(z|) + 0.V - G[v + 9] (8)

Setting w! = 0,V - G this is equivalent to

V < —az(||lz])) + wlv +wT's (9)
Using the bound @ we have
whv +w"s < whv + [Jw]| (p + kollv]) (10)
Setting
w
v = _n(ta x)m; (11)
for some 7(t,x) > 0 such that
t
S A L SRy
1—ko

we have
whv +ws < —n(@)|w| + lwll(p + kon(z)) = [w](p —n(1 — ko)) <0

Hence, V < 0 for the whole system.

Note that the uncertainty bound (6 was employed by regarding the norm || - || as a L norm
| - [[2. An alternative controller can be obtained by setting || - || = || - |0 (se€€ [?]).

The resulting controller is discontinuous at w = 0, e.g. typically at the origin. In addition
to this theoretical limitation, practical issues also occur due to digital switching, delays, and other
physical imperfections. This results in oscillatory behavior near the equilibrium called chattering.
In order to deal with it the control law can be smoothed near the origin by setting

v= —n(t,mﬁ, it n(t, 2)||w]| > e, (12)
w
w .
V= —77(75,55’)2;7 if 77(75,93)”10” < €, (13)

As a result one can show [?] that the closed-loop solutions of the system are bounded by a K-class
function of e. Thus, by making e arbitrary small the system can stabilize arbitrary close to the
origin.



Example 1. Pendulum with uncertain model. Consider the pendulum with uncertain damping
and control given by:

Zi)lzxg

T9 = asinx] + bxo + cu,

where aand c are uncertain. By uncertain in this case we mean that their exact values are not
known, but we do know that they are close to given mominal values, denoted by a and ¢. A
stabilizing controller for the nominal system is chosen as

1
Q,Z)(.T) = *% sinxy — E(klml + ]432(15'2),

with gains k1 > 0 and ko > b so that the nominal system is asymptotically stable. The system is
put in the form

To = asinzy + bray + ¢u + 9],

where

a—a . c—¢
0= sinxzy +
¢

~

u

=(a— é)gsinxl — ngx + cv
¢ ¢

where we substituted u = ¢)(x) + v and used the notation

a—a _c—¢C
C =

A M A

a:

Hence, using the identities sin(z1) < |z1] < ||z| and kT2 < ||z||||k|| where k = (k1,ko), the
uncertainty can be expressed as
0] < pallzll + kolvl,

where p; and kg must be chosen so that

o al e .
pr> (fal + 12 | 3|+ 5[ Ikl ko= [

In practice, we can make assumptions about how large |a| and |¢| can be (e.g. less than 0.3, which
would mean up to 30% error relative to the nominal value). From these assumptions we then set
p1 and k.

2 Robust Backstepping

In the previous section we considered the case of uncertainty matched by the control inputs. This
restriction can be relaxed by accounting for uncertainty in the context of backstepping. Consider
the single-input system
= fn) +9m)&+y(n,¢) (14)
£ = fa(n,€) + ga(n, E)u + d¢(n, €) (15)



where € R", ¢ € R are defined over a domain D C R"*! containing the origin (0,0). Assume that
the functions f, g, fa, ga are smooth and known, while ¢, and J¢ are uncertain terms. In addition,
it is assumed that f and f, vanish at the origin and the uncertain terms satisfy

[165(n,&)l2 < a1lnll2 (16)
10¢(n, &)| < az|nll2 + asl¢], (17)
for all (n,&) € D.

Assume that we can find a stabilizing controller £ = ¢(n) for ¢(0) = 0 for the system and
a Lyapunov function Vj(n) such that

oV
Ty )+ 9d) + 8(,€)] < ~blln|* (18)
for some b > 0. Suppose further that ¢(n) satisfies
0
ol <ailil. |52 <as (19)

over D. Consider the Lyapunov function

Vin,€) = Volu) + 5 € — o(n))
We have

. 19)%, 19)%, 0
V:67770[f+g¢+577]+87nog(5_¢)+(£_¢) |:fa+gau+5§_aj(f+g§+5n)

Taking

1 [os oV

=[S0 ra9) - oo fa-bie - )] k>0 (20)

we have

v < —blnl? + (¢ - o) [ - 525, - ke - 07
Using assumptions ,, it can be shown that

V < =bllnl* + 2a6|¢ — |llnll — (k — az)[¢ — ¢ (21)
[ Il } [ b —as ] [ Il ]
[ =0l | | —a6 (h—as) | | =9 22)
for some ag > 0. Choosing
a2
k> a3+ ?6

yields '
V < —ollnl® + 1€ - ¢l%]

for some o > 0.

Lemma 1. [?] Consider the system — where the uncertainty satisfies the inequalities ,.
Let ¢(n) be a stabilizing state feedback control law for that satisfies and V(1) a Lyapunov
function that satisfies . Then, the state feedback control law stabilizes the origin.
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